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Abstract
In the traditional Katz–Vafa method, matter representations are determined by decomposing
the adjoint representation of a parent simple Lie algebra m as the direct sum of irreducible rep-
resentations of a semisimple subalgebra g. The Katz–Vafa method becomes ambiguous as soon as
m contains several subalgebras isomorphic to g but giving different decompositions of the adjoint
representation. We propose a selection rule that characterizes the matter representations observed
in generic constructions in F-theory and M-theory: the matter representations in generic F-theory
compactifications correspond to linear equivalence classes of subalgebras g ⊂ m with Dynkin index
one along each simple components of g. This simple yet elegant selection rule allows us to apply the
Katz–Vafa method to a much large class of models. We illustrate on numerous examples how this
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1 Introduction
All the known fundamental forces in theoretical physics are modeled by gauge theories. Some of
the basic data of a gauge theory are its Lie group G (called the gauge group) and its Lie algebra
g. A gauge theory describes local forces propagating between particles, where the force is carried
by a fundamental particle that interacts with itself when the gauge group is non-Abelian. In a
given gauge theory, fundamental particles transform under irreducible representations of the gauge
group that we call matter representations. Determining matter representations of a given model in
theoretical physics is a fundamental aspect of its description. Characterizing matter representations
occurring in M-theory and F-theory compactifications will be the focus of this paper.
In string compactifications, matter representations are not arbitrary but are constrained by
the the geometry of the compactifying space, in particular, its intersection ring, its singularities,
and their degenerations [59, 62, 65]. In F-theory [58, 64, 67], the compactifying space is an el-
liptic fibration [14]. In fact, certain weights of the matter representations are observed geometri-
cally as intersection numbers between fibral divisors and rational curves constituting the irreducible
components of singular fibers over particular loci of the discriminant locus of the elliptic fibration
[2, 3, 10, 19, 23, 32, 40, 41, 44, 52, 56, 62]. However, when the gauge algebra is not simple or
simply-laced, the subsets of geometrically-derived weights do not always uniquely determine a rep-
resentation of the Lie algebra, as pointed out in [20, 28, 30]. In [48], Katz and Vafa propose to
deduce the matter representation by considering the decomposition of the adjoint representation in
an embedding g→ m as
adj m = adj g⊕ χ,
and following Dynkin [13], we call χ the characteristic representation of g in m. The Katz–Vafa
method is beloved for its universality and computational ease, but becomes ambiguous when the Lie
algebra g have distinct embeddings in m leading to distinct representations. Moreover, to explain
the observed matter representation, the choice of the isomorphic class of m is not always consistent
with the geometry of the elliptic fibration. This begs for a clear characterization of the matter
representations appearing in M-theory or F-theory compactifications without imposing any ad hoc
rule and in perfect consistency with the restriction derived from the geometry.
The cases studied in the original Katz–Vafa paper are the following embeddings between ADE
Lie algebras1:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
An−k ⊕Ak−1 → An, Dn−k ⊕Ak−1 → Dn, Dn−1 → Dn,
An−1 → Dn, D5 → E6, A5 → E6,
E6 → E7, D6 → E7, A6 → E7,
E7 → E8.
(1.1)
These original cases analyzed by Katz–Vafa have the following properties:
1. Rank-one enhancement between ADE Lie algebra : The Lie algebra m and g ⊂ m are both Lie
1As we will explain later, in the first four cases, there are subtleties for certain values of n and k that were never
scrutinized before.
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algebras of type ADE with m a simple Lie algebra of one rank higher than g.
2. Levi subalgebras : the Dynkin diagram of g is obtained from that of m by removing a single
node. However, g is not necessarily a maximal subalgebra of m.
3. Minuscule representations: The non-trivial irreducible components of the characteristic repre-
sentation χ are all minuscule representations.
4. regular embedding: The embedding g→ m is always a regular embedding.
5. Dynkin index one: The Dynkin index of any irreducible component of g in m is always one.
There are many models outside of those considered in the original Katz–Vafa method that play
a central role in F-theory. The geometry of these models have been studied carefully in the past
few years [1, 4, 19–38, 41, 42, 46, 47, 52] and they provide valuable and explicit data that will
guide us to extend and improve the Katz–Vafa method on determining matter representations.
The previous analysis of these models enlightened us that there is no reason to restrict ourselves to
rank one enhancements, Levi subalgebras, (quasi)-minuscule representations, or regular embeddings.
For example, higher rank enhancements occur routinely in well-known F-theory constructions such
as those with the following enhancements: A1 → D4, A1 ⊕ G2 → E7, and A1 ⊕ C2 → A5 that
are individually observed respectively in the SU(2)-model [36], the SU(2)×G2-model [28], and the
SU(2)×USp(4)-model [30].
In this paper, we propose a simple (mathematical) selection rule to identify the correct matter
representations in generic compactifications of M-theory and F-theory. Our approach is rooted in
three fundamental ideas introduced by Dynkin in the middle of the 20th century: the notions of
linear equivalence, characteristic representations, and the Dynkin embedding index of a subalgebra
[11, 13, 51, 54]. We argue that the overwhelming majority of matter representations in F-theory can
be identified as the ones of subalgebras g → m of Dynkin embedding index one (see definitions in
Section 2). The physical origin of this restriction will be presented in a companion paper [25].
The organization of the rest of the paper is as follows. In Section 1.1, we explain the notions of
singleton subalgebras, Dynkin index of embeddings and announce our selection rule for identifying
the correct matter representations of M-theory and F-theory. We also give an overview of our
methodology. In Section 1.3, we illustrate through explicit examples the power of this approach.
In Section 2, we review basic mathematical definitions and conventions. In Section 3, we describe
the relationship between the Katz–Vafa method and Dynkin’s characteristic representation and then
revisit the original Katz–Vafa cases with our approach. We separate them into singleton and non-
singleton cases and show how all the choices coincide with our selection rule. In the rest of the paper,
we carefully analyze several cases that are well understood via crepant resolutions of singularities of
Weierstrass models.
1.1 Singleton subalgebras, Dynkin index of embeddings, and the proposal
We take the following point of view inspired by the work of Dynkin [12, 13], Minchenko [54], de
Graaf [11], and Lorente–Gruber [51]. A semisimple Lie algebra g can be embedded in many different
ways as a subalgebra of a simple Lie algebra m. Each embedding can lead to a distinct characteristic
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representation. Thus, it is important to identify an appropriate notion of equivalence of subalgebras.
In his classification of semisimple subalgebras of simple Lie algebras, Dynkin has introduced two
notions of equivalence of subalgebras: the equivalence and the linear equivalence. Two subalgebras
are said to be conjugate or equivalent if they are related by an inner automorphism of the parent
Lie algebra. Two subalgebras g1 and g2 of m are said to be linearly equivalent if every linear
representation induces linear conjugate representations of g1 and g2. Two equivalent subalgebras are
always linearly equivalent but the reverse is not always true. Two linearly equivalent embeddings
have the same characteristic representation and the same Dynkin index. Since our focus is on
branching rules, the coarser notion – the linear equivalence – is the appropriate notion for our
purpose. We revisit this in detail in Section 2.1.
Our proposal can be put succinctly as following.
Proposal 1.1 (Matter Representation Selection Rule). In generic configurations in F-theory, up to
multiplicities and trivial representations, the matter representations with respect to a Lie algebra g
are given by the characteristic representations of embeddings g→ m having Dynkin index one along
each simple components of g.
The Dynkin embedding index of a simple subalgebra g of a simple Lie algebra m was introduced
by Dynkin in his classification of semisimple subalgebras of Lie algebras [13]. The Dynkin index
naturally extends to the case of semisimple subalgebras of a simple Lie algebra by giving the Dynkin
index of each of its simple components. We say that a semisimple Lie algebra g =⊕i gi has Dynkin
embedding index one if each of its simple components gi have Dynkin embedding index one in m.
By “generic configuration,” we mean those appearing from Tate’s algorithm with gauge groups
supported on generic divisors. In particular, these divisors are assumed to be smooth. In algebraic
geometry, a generic divisor is always smooth. Smooth divisors occur naturally in physics such
as in non-Higgsable clusters. In particular, non-singular divisors can occur and produce exotic
configurations that do not have to respect the proposed selection rule. We will list specific examples.
This selection rule applies to a broad collection of theories: all generic Tate’s models [5, 39],
Miranda models [6, 55], and more general collisions of singularities without further assumptions
[20, 28–30], even for non-simply-laced Lie algebras. We work out various examples explicitly and
meticulously. This selection rule has a nontrivial predictive power, since the subalgebras of Dynkin
index one is typically unique in a given isomorphism class of subalgebras g.2 It provides a simple
way to identify the correct matter representations in many situations that previously were only done
case by case using ad hoc rules.
Our strategy can be summarized as follows.
• Subalgebras that are unique up to linear equivalence within their semisimple type are partic-
ularly nice, as there is no possible ambiguity for the choice of a matter representation since
there is a unique possible reduced matter representation. We call them singleton subalgebras.
• The next best situation is when a subalgebra is not a singleton subalgebra, but all the non-
linearly equivalent subalgebras of the same isomorphism type give the same characteristic
2There are very rare cases when it is not unique; we analyze all the various.
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representation for the adjoint representation. In such a case, the matter representation is still
not ambiguous. We call them adjoint singleton subalgebras. Any singleton subalgebra is also
an adjoint singleton subalgebra, but the reverse is not true.
• When we are outside of the class of adjoint singleton subalgebras, by definition, we have
several possible representations to choose from with different branching rules for the adjoint
representation. In those cases, we need a criterion to identify which linear equivalent class,
within a given semisimple type of subalgebra, gives the characteristic representation we expect
in F-theory. We argue that in the generic case, F-theory chooses the branching rule that
corresponds to a subalgebra of Dynkin index one along each of its simple factor.
With very rare exceptions listed in [15], adjoint singleton subalgebras are of Dynkin index one.
A naturally question is then if there exists any situation in which adjoint singleton subalgebras of
higher Dynkin index appear naturally in F-theory or string theory. It would also be interesting to
know if the subalgebras of index one that are not yet used in F-theory could give rise to a special
class of matter representations that might be relevant for models of which we are unaware yet. In
that case, it would be important to classify all of them systematically.
We note that some subalgebras that are not of Dynkin index one do appear in exotic configura-
tions in F-theory when the divisor supporting the gauge group has singularities [49]. In fact, they
also appear in some aspects of string theory. For example, we also notice that the bosonic string
compactified on the self-dual circle has a gauge enhancement with Lie algebra A1 ⊕A1 and matter
in the representation (3,3) corresponding to the branching rule A21 ⊕ A21 → A3, which we explain
in Section 3.4. The characteristic representation of the subalgebra A11 ⊕ A21 of D4 matches (up to
multiplicity) the matter content of the A1⊕A1 theory discussed in [60, Appendix A]. Moreover, in a
footnote of [45, §3.3], Intriligator and Seiberg point out that in the study of spontaneous symmetry
breaking in supersymmetric gauge theories, a higher Dynkin embedding index introduces subtleties
in dealing with instantons. We will come back to this important point in some detail in a companion
paper [25].
1.2 Application to the birational geometry of elliptic fibrations
Matter representations also have a natural application in purely geometric constructions [17, 18,
36, 37, 40, 44]. A given Weierstrass model can have several distinct crepant resolutions connected
by flops. Using hints from M-theory compactifications to 5d theories [40, 44], the network of these
flops can be modeled by a hyperplane arrangement I(g, χ) [17, 18, 36, 37], whose open chambers
are defined by the connected components of the fundamental Weyl chamber of g after removing the
hyperplanes defined by the weights of the characteristic representation χ. The coincidence graph
of the chambers of the hyperplane arrangement I(g, χ) is expected to be isomorphic to the graph
of crepant resolutions connected by flops. When the elliptic fibrations has several distinct matter
representations in different locations, we take the direct sum of all the corresponding characteristic
representations. The weights observed from the geometry by intersection numbers of curves and
divisors over codimension-two points in the base are those responsible for the wall between distinct
chambers. We refer to [10, 16–38, 40, 44] for explicit examples and applications.
This brings up an interesting fundamental question: given a simple Lie algebra g, which are
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the subalgebras m up to linear equivalence, is it possible to determine the associated hyperplane
arrangement I(g, χ) matching the flop diagram of an elliptic fibration with dual fibers corresponding
to the simple components of g? For example, as we will review in the next subsection, in the study of
the G2-model [19], one would expect an embedding G2 → E6. There are two subalgebras isomorphic
to G2 in E6, one would give χ = 7 and the other χ = 64. We know that the G2-model does not flop,
which is consistent with the fact that I(G2, 7) has only one chamber. In contrast, I(G2, 64) has two
distinct chambers and is therefore not consistent with the geometry of the G2-model even though
all the weights observed geometrically are both weights of 7 and 64.
1.3 Evidence for the proposed selection rule
In this section, we illustrate that the evidences for the selection rule presented in Proposal 1.1 are
overwhelming. Interestingly, this selection rule is useful even in cases that might sound at first
non-ambiguous such as the matter content obtained when A2 is reduced to A1. Our aim here is not
to exhaust all possible cases but to present the main ideas through key examples. We will give a
more exhaustive approach in [15].
1. The ambiguity in choosing the correct branching rule is already apparent in the original Katz–
Vafa cases when we focus on boundary cases that give non-singleton subalgebras. Namely,
A1 → A2, A1 ⊕A1 → A3, A3 ⊕A1 → D5, A3 ⊕A1 ⊕A1 → D6, A3 ⊕A3 → D7. (1.2)
In each case, there are multiple possible embeddings giving distinct matter representations and
the one chosen in F-theory always corresponds to the one of Dynkin index one. The elliptic
fibrations for the SU(2)-model and the SU(2)×SU(2)-model are respectively studied in [35, 36]
and [29]. The characteristic representations for these cases are treated in detail in Section 3.2.
In the original Katz–Vafa’s list, we have the following case
An−1 → Dn. (1.3)
This embedding is ambiguous for n = 3 as already mentioned. We should also distinguish the
cases when n = 4, n = 2k + 1 (k ≥ 2) and the case n = 2k with k ≥ 3. Putting them together, we
have to consider four distinct cases
A2 → A3, A3 → D4, A2k−1 → D2k, A2k → D2k+1.
(a) A2 is a singleton subalgebra of A3 discussed in Section 3.5.
(b) A3 has three distinct non-maximal embeddings in D4 connected by triality, all three have
Dynkin index one.
(c) A2k−1 has two distinct maximal embeddings in D2k, both have index one and give the
same characteristic representation, the same branching rule for the vector representation,
but different branching for the half-spin representations. They are related by the outer
automorphism of D2k that permutes the two half-spin representations. Thus, these sub-
algebras are different but give the same characteristic representation. They are adjoint
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singleton subalgebras.
(d) A2k a singleton subalgebra of D2k+1 and has Dynkin index one. It gives a unique possible
characteristic representation.
2. (a) In the original Katz–Vafa cases, the embedding A7 → E8 is absent in the considered
embeddings, while A6 → E7 and A5 → E6 are explicitly discussed. From the perspective
and methodology in this paper, this can be understood as follows. While A6 and A5
are singleton subalgebra respectively of E7 and E6, there are two distinct subalgebras of
type A7 in E8 up to linear equivalence. Moreover, they both have Dynkin index one and
yield distinct matter representations. It follows that identifying the branching rule for
the adjoint of E8 along A7 is ambiguous without further requirement.
(b) The existence of multiple isomorphic subalgebras that are not linearly equivalent but all
of embedding index one is expected when one thinks of the possibility that they can be
Lie algebras of distinct groups sharing the same simply connected cover. In that case,
they differ by taking different discrete quotients of the same underlying connected group.
Thus, they might also have distinct characteristic representations. We illustrate this point
with the two A7 subalgebras in E8. Their characteristic representations are:
A17 → E8 ∶ χ = 8⊕ 8⊕ 28⊕ 28⊕ 56⊕ 56⊕ 1, (1.4)
A17 → E8 ∶ χ = 28⊕2 ⊕ 28
⊕2 ⊕ 70⊕ 1⊕3, (1.5)
where 8 = VA7 is the first fundamental representation, 28 = Λ2A7 , 56 = Λ
3
A7 , and 70 = Λ
4
A7 .
The first one factors via A17 and the second one factors via E
1
7. Both are subalgebras of the
maximal subalgebra D8 of E8. The existence of these two options can be understood by
the existence of distinct compact group with Lie algebra A7 in E8. Using Borel–Siebenthal
techniques, we can show that the first A17 is the Lie algebra of a simply-connected group
SU(8) while the second is the Lie algebra of the quotient group SU(8)/(±1). The maximal
A8 subalgebra of E8 corresponds to the group SU(9) mod by its Z3 subgroup while A1⊕E7
corresponds to the subgroup (SU(2)⊗E7)/±(1,1). The presence of the non-trivial center
suggests that in F-theory, we will be dealing with an elliptic fibration with a non-trivial
torsion sector in the Mordell–Weil group.
3. A poster child for our selection rule appears in the specialization of the SU(2) × SU(3)-model
where there is an enhancement to an (incomplete) fiber of type III∗ or II∗. SU(2)×SU(3) models
in which all the matter content are on the same points are characterized by an enhancement
A11 ⊕ A12 → E7 or A11 ⊕ A12 → E8. They are given by collisions of the type III+IVs and their
crepant resolutions are studied in [20].
(a) There are 25 distinct A1⊕A2 subalgebra inside E7, but only one of them gives the matter
content we expect, which corresponds to the one having Dynkin index (1,1):
A11 ⊕A12 → E7 ∶ χ = (2,3)⊕4 ⊕ (2,3)⊕4 ⊕ (1,3)⊕7 ⊕ (1,3)⊕7 ⊕ (2,1)⊕8 ⊕ (1,1)⊕16.
(1.6)
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Thus, the proposed selection rule successfully identifies the correct matter representations
without referring to any additional analysis, such as D-brane techniques or anomaly
cancellation conditions.
(b) Up to linear equivalence, there are 55 distinct subalgebras of type A1 ⊕A2 in E8. How-
ever, only one of them have Dynkin embedding index (1,1) and it gives the following
characteristic representation:
A11⊕A12 → E8 ∶ χ = (2,3)⊕6⊕(2,3)⊕6⊕(1,3)⊕15⊕(1,3)⊕15⊕(2,1)⊕20⊕(1,1)⊕35. (1.7)
(c) As discussed in Section 5.2, the Lie algebra A4 is a singleton subalgebra of index one for
both E6 and E7. In the study of the SU(5)-model, one may also consider specializations
in which all the matter appear at points of E8 enhancements. There are exactly two
subalgebras of type A4 in E8 up to linear equivalence. One has Dynkin index 1 and the
other one has Dynkin index 2. Only the one with Dynkin index one gives the correct
matter expected in F-theory and in SU(5) Grand Unified theories:
A14 → E8 ∶ χ = 5⊕10 ⊕ 5
⊕10 ⊕ 10⊕5 ⊕ 10⊕5 ⊕ 1⊕24, (1.8)
A24 → E8 ∶ χ = 24⊕ 5⊕ 5⊕ 10⊕ 10⊕ 40⊕ 40⊕ 45⊕ 45. (1.9)
The subalgebra A24 factors through the maximal semisimple algebra A
1
4 ⊕A14.
4. The study of crepant resolutions of Tate’s models [5, 6, 39? ] provides a rich playground
to test our selection rule. We add the following interesting list of subalgebras appearing in
F-theory:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
A1 → G2, A1 → B3, A1 → D4,
A2 → G2, A2 → B3, A2 → D4,
G2 → B3, G2 → D4, G2 → D5,
G2 → F4, G2 → B4, G2 → E6,
C2 → A3, C2 → B3, C2 → C3, C2 → A4, C2 → D4, C2 → D5,
B3 → D4, B3 → B4, B3 → D5, B3 → F4, B3 → E6,
D4 → F4, D4 → E6,
F4 → E6, F4 → E7, F4 → E8,
E6 → E7, E6 → E8,
E7 → E8,
A1 ⊕A1 → C2, A1 ⊕A1 → G2, A1 ⊕A1 → B3,
A1 ⊕A1 → D4, A1 ⊕A1 → B4, A1 ⊕A1 → D5.
(1.10)
5. In particular, one of the key examples that motivated this paper is the treatment of non-
simply-laced cases. We effectively answer a problem that was raised in the papers [19, 23].
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The crepant resolutions of the F4 and G2-model suggest the following embeddings:
F4 → E6,E7,E8, (1.11)
G2 → B3,D4,D5,D6, (1.12)
B3 → D4,F4,E6, (1.13)
C2 → A3,A4,B3,C3,D4,D5. (1.14)
(a) Since F4 is a singleton subalgebra of E6, E7, and E8, there is no ambiguity in determining
the matter content of an F4-model. In each case, we end up with the matter in the
representation 26.
(b) For the G2-model, the enhancement G2 → E6 can be realized in two distinct ways lead-
ing to two distinct characteristic representations, namely, the representation 7 and the
representation 64. The one with Dynkin index one gives the representation 7 as expected.
(c) In the case of the B3-model [19], there are two possible enhancements to fibers of type
F4 and E6. B3 is a singleton subalgebra of Dynkin embedding 1 in both F4 and E6. In
both cases, the reduced characteristic representation is 7 ⊕ 8. There are three distinct
subalgebras of type B3 in D4, they all have Dynkin embedding index one and give the
same reduced characteristic representation, namely the representation 7. Thus B3 in
D4 is an example of an adjoint singleton subalgebra as there are several isomorphic but
nonlinearly equivalent subalgebras giving the same reduced characteristic representation.
(d) The C2-model is particularly intriguing because it has various types of fiber enhancements
allowed and there are two possible group structures, SO(5) and USp(4) [21]. In most of
the cases, there is no need to refer to the selection rule, as C2 is a singleton subalgebra
of A3, B3, C3, and D4. However, in the case C2 → A4, there are two possible isomorphic
subalgebras C3: the one with Dynkin index one gives the correct matter representation
(namely, the representation 4 ⊕ 5), while the other one gives the representation 14. In
the case C2 → D5, there are two distinct C4 subalgebras up to linear equivalence and they
both have Dynkin index one. Interestingly, one of them gives the matter content of an
SO(5) theory, while the other one corresponds to a Spin(5) ≅ USp(4) theory.
6. Non-Higgsable models are particularly important models in 5d and 6d theories [43, 57]. They
correspond to the simple Lie algebras of the Deligne exceptional series:
A1 → A2 → G2 → F4 → D4 → E6 → E7 → E8, (1.15)
together with the semisimple algebras A1⊕B3 and A1⊕G2. describing local collisions between
two rational curves supporting non-trivial matter representations. At the collision of A1⊕G2,
we find E7 or E8 models for which we get the branching rules of Dynkin index one to give
rise to the expected matter representations from F-theory models R = (2,7)⊕ (2,1)⊕ (1,7),
where the matter representations (2,1) and (1,7) are also produced away from the collision
[28]. We further explore in detail all the relevant branching rules:
(a) E7 → E8 from the original Katz–Vafa as a singleton model in Section 3.1,
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(b) A1 ⊕G2 → D5,B5,D6,E7,E8 in Section 12,
(c) A1 ⊕B3 → E7,E8 in Section 13,
(d) A1 ⊕D4 → E7,E8 in Section 14.
7. The proposed selection rule 1.1 can also be used to identify those models that do not have an
F-theory origin. A simple example is given by the gauge theory with Lie algebra g = A1 ⊕D4
and reduced matter in the representation
R = (2,8v)⊕ (1,8s), (1,8c) (1.16)
discussed in [43, §3.3]. A quick scan of possibilities show that there is no simple Lie algebra m in
E8 containing g and giving the expected matter content up to multiplicities of the individual
irreducible representations. In F-theory, this Lie algebra will be produced by a collision of
type III+I∗0 which is a Miranda model giving a fiber of type III
∗ or II∗. That means, the
corresponding subalgebra would be of the type A1 ⊕D4 in E7. The embedding could also be
in E8 for a specialization of th elliptic fibration. There are three subalgebras of type A1 ⊕D4
up to linear equivalence in E7. Their characteristic representations and Dynkin index are
A11 ⊕D14 → E7 ∶ χ = (2,8v)⊗2 ⊕ (2,8s)⊗2 ⊕ (1,8c)⊗4 ⊕ (1,1)⊗6, (1.17)
A21 ⊕D14 → E7 ∶ χ = (3,1)⊕ (1,8v)⊕ (3,8v)⊕ (2,8s)⊕2 ⊕ (2,8c)⊕2 ⊕ (1,1)⊕3, (1.18)
A31 ⊕D14 → E7 ∶ χ = (3,8v)⊕ (3,8s)⊕ (3,8c)⊕ (1,8v)⊕ (1,8s)⊕ (1,8c)⊕ (3,1)⊕2. (1.19)
The first has Dynkin index one and is therefore the one expected in F-theory. In particular,
we see that the representation R = (2,8v)⊕ (1,8s), (1,8c) is never realized by the Katz–Vafa
decomposition of E7.
There are eight linearly nonequivalent subalgebras of type A1 ⊕D4 in E8. These eight embed-
dings can be distinguished by their Dynkin index. None of them matches the representation R.
However, we note that the unique one of Dynkin index (1,1) contains R in a triality-invariant
way:
A11 ⊕D14 → E8 ∶ χ = (2,8v)⊕2 ⊕ (2,8s)⊕2 ⊕ (2,8c)⊕2 ⊕ (1,8v)⊕4 ⊕ (1,8s)⊕4
⊕ (1,8c)⊕4 ⊕ (2,1)⊕8 ⊕ (1,1)⊕9. (1.20)
We also note that the matter discussed in [43, Section 3.3] is not compatible with any branch-
ing of the adjoint of E8 along A1 ⊕ D4, as any other embedding of A1 ⊕ D4 → E8 involves
representations of A1 of higher spin or the irreducible representations of D4 of dimension 35.
2 Preliminaries
Classifying semisimple subalgebras of a complex semisimple Lie algebra is a fundamental problem
arising in many different contexts in mathematics and physics [7, 11–13, 51, 54]. The solution to
this classical problem was beautifully addressed by Dynkin’s seminal papers, which also introduced
several key ideas such as the projective and affine Dynkin’s diagrams, the equivalence and linear
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equivalence of subalgebras and embeddings, the notion of R-subalgebras and S-subalgebras, the
Dynkin index of a representation, and the Dynkin index of an embedding of Lie algebras.
In this section, we review basic notions that will play a central role in our approach. Our
description follows Dynkin [13], Minchenko [54], de Graaf [11], McKay–Patera [53], and Lorente–
Gruber [51]. We use the conventions of Bourbaki [8].
In 1950s, Dynkin classified the maximal semisimple subalgebras of exceptional Lie algebras up
to equivalence and simple subalgebras only up to linear equivalence [13]. Dynkin also introduced
an algorithm to classify regular subalgebras of semisimple classical Lie algebras up to equivalence
and provided an explicit classification (up to linear equivalence) of S-subalgebras and simple sub-
algebras of exceptional Lie algebras. Dynkin focused especially on exceptional Lie algebras, since
the classical cases can be described by the work of Cartan, Weyl, and Malcev.3 Dynkin’s result
has some inaccuracies that are corrected by Minchenko, who further provided a classification of
embeddings of semisimple subalgebras of simple Lie algebras of exceptional types up to equivalence
rather than just linear equivalence, thereby completing the description of embeddings of semisimple
subalgebras of simple Lie algebras [54]. Using Dynkin’s algorithm, Lorente and Gruber obtained
the detailed classification of subalgebras of simple Lie algebras of classical types up to rank six [51].
Motivated from problems in physics, de Graaf describes algorithms that give a classification of the
semisimple subalgebras of all simple Lie algebra or rank eight or lower together with the inclusion
relations between all these semisimple Lie algebras [11]. de Graaf also correct few inaccuracies in
the classification of Lorente and Gruber (in D4, D6, and D8).
2.1 Embeddings, equivalence, linear equivalence, and branching rules
Definition 2.1 (Embeddings). An embedding f ∶ g → m between two Lie algebras g and m is an
injective homomorphism from g to m.
Definition 2.2 (Induced representations and branching rules). Given an embedding f ∶ g→ m, any
irreducible linear representation ϕ of m induces a linear representation ϕ○f of g. The representation
ϕ ○ f is in general reducible and its decomposition into irreducible representations of g is called the
branching rule of ϕ.
The classification of subalgebras starts with a choice of a notion of equivalence. There are two
different notions of equivalence that are typically considered, where booth are introduced by Dynkin.
One is simply called equivalence, which is more natural, and the other is called linear equivalence,
which is coarser but more computationally friendly. We give definitions for these two notions as
follows.
Definition 2.3 (Equivalent of Lie subalgebras). Two subalgebras g1 and g2 of a Lie algebra m are
said to be equivalent if they are conjugate by an inner automorphism of the parent Lie algebra m.
Definition 2.4 (Linear equivalent of Lie subalgebras). Two subalgebras are linearly equivalent if
for any linear representation f ∶ m → gl(n) of the parent Lie algebra induces representations of the
3The case of An was studied by Cartan and Weyl, while the cases of Bn, Cn, and Dn were analyzed by Malcev who
also investigated representations of G2 and F4. Borel and de Siebenthal studied the maximal semisimple subalgebras
of simple Lie algebras [7].
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two subalgebras that are conjugated by a linear inner automorphism of gl(n).
When discussing branching rules, linear equivalence is the appropriate notion of equivalence
to consider, as two linearly equivalent subalgebras give the same branching rules. Two equivalent
subalgebras are always linearly equivalent. The reverse is often (but not necessarily) true. There are
known examples of embeddings that are linearly equivalent but not equivalent. Linear equivalence
and equivalence coincide for An, Bn, Cn, G2, and F4. Subtleties appears for E6, E7, E8, and Dn
(n ≥ 4) Lie algebras. For example, E8 has 1183 equivalent subalgebras organized into 155 linear
equivalence classes [11].
2.2 R- and S-subalgebras
In his classification of subalgebras of simple Lie algebras, Dynkin introduced the notions of a regular
subalgebras, R-subalgebras, and S-subalgebras. We present them as follows.
Definition 2.5 (Regular, R-, and S-algebras). A subalgebra g is said to be a regular subalgebra
of a parent Lie algebra m when the Dynkin diagram of g can be obtained by removing nodes of
the extended Dynkin diagram of m. An R-subalgebra is a subalgebra that is contained in a proper
regular subalgebra, whereas an S-subalgebra is a proper subalgebra that is not an R-subalgebra.
Tables listing maximal R- and S-subalgebras of simple Lie algebras can be found in [53, 63, 66].
2.3 Normalized Killing form
Consider a simple Lie algebra g of rank n with a choice of simple roots. We denote the set of positive
roots as Φ+. The Killing form
κ(x, y) ∶= Tr(ad x,ad y) (2.1)
defines an invariant bilinear symmetric form on g. Up to a multiplicative factor, there exists a
unique non-degenerate invariant symmetry bilinear form on g. We denote by (⋅, ⋅) the invariant
scalar product in the root space to be normalized such that a root of the longest length has its
length squared equals to two. In particular, if we denote by θ the highest root (which is always a
long root), we have
(θ, θ) = 2. (2.2)
The Lie algebra is semisimple if and only if the Killing form is negative-definite. Given any invariant
bilinear symmetric form B(⋅, ⋅) on g, the normalized Killing form is given by
(x, y) ∶= 2B(x, y)
B(θ, θ)
. (2.3)
2.4 Dynkin’s index of a representation
The notion of an index of a subalgebra was introduced by Dynkin in his classification of semisimple
subalgebras of exceptional simple Lie algebra and requires first introducing the notion of the Dynkin
index of a representation. The index of a simple subalgebra in a simple Lie algebra is always a
non-negative integer. Two linearly equivalent subalgebras have the same index. Thus, two subal-
gebras with a different index are necessarily non-equivalent. However, the index is not a complete
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characterization of a subalgebra as two subalgebras with the same index are not necessarily linearly
equivalent, even if they are isomorphic as abstract algebras.
Given a linear representation of g in a vector space V
f ∶ g→ gl(V ), (2.4)
we define the invariant symmetric bilinear form in g induced by f as follows
(x, y)f ∶= Tr(f(x)f(y)), (2.5)
where for a square n×n matrix M , Tr(M) = ∑ni=1Mii is the trace of M . Since the invariant bilinear
symmetric form is unique up to a multiplicative constant, (x, y)f should be proportional to the
normalized Killing form (x, y) that takes value 2 on the longest root. The multiplicative constant is
independent of x and y and characterizes the representation f . Then, it is by definition the Dynkin
index of the representation f .
Definition 2.6. Given a representation f ∶ g → gl(V ), the Dynkin index of the representation f is
the multiplicative constant `f defined by the identity:
(x, y)f = `f ⋅ (x, y). (2.6)
If we take x = y = θ, we can express the Dynkin index of a representation as half the length
squared of the highest root (or any long root) with respect to the invariant bilinear form induced by




(θ, θ)f . (2.7)
In particular, the index of the adjoint representation is the dual Coxeter number of the Lie algebra.
Cartan’s theorem states that a weight is the highest weight of an irreducible representation of
a simple Lie algebra if and only if its Dynkin indices are all non-negative integers. The following
formula allows to compute the index of a representation f in terms of its highest weight Λf :




where Λd is the highest weight of the representation f , dim f is the dimension of the representation
f (that is, of the vector space V ), dimg is the dimension of the simple Lie algebra g, and the Weyl






The number (Λ,Λ + 2ρ) is the eigenvalue of the second-order Casimir operator. The formula (2.8)







The dual Coxeter number of a simple Lie algebra is the Dynkin’s index of its adjoint representation:
h∨ = `ad = (θ, θ + 2ρ) = Tr(adθ,adθ). (2.11)
xThe Dynkin index of a representation satisfies the following two identities
`f1⊕fm = `f1 + `fm . (2.12)
`f1⊗f2 = (dim f2)`f1 + (dim f1)`f2 . (2.13)
2.5 Dynkin index of an embedding
An embedding between two simple Lie algebras g and m is an isomorphism
ϕ ∶ g→ m (2.14)
that maps g onto its image in m. Then, we can think of the embedding ϕ as a representation of
g in m. Analogous to the case of a linear representation, it is natural that we define the Dynkin
index of an embedding ϕ. We assume that both Lie algebras g and m have their bilinear form to be
normalized such that the norm squared of each of their root of highest length is two. We can define
an invariant bilinear form in m via the embeddings ϕ. Because such an invariant bilinear form is
unique upto a multiplicative constant, we have a number jϕ such that
(ϕx,ϕy)g = jϕ ⋅ (x, y)m. (2.15)
The number jϕ is called the Dynkin index of the embedding ϕ. The index of a subalgebra is invariant
with respect to automorphisms of m.
The Dynkin index of an embedding can be computed as the ratio between the Dynkin index of
an induced representation and its parent representation. For any representation f ∶ m → gl(V ), we
have f ○ ϕ ∶ m → gl(V ) defining an induced representation of the subalgebra g. We can therefore
compute the index of the embedding ϕ in terms of the index of a representation f of m and the





The Dynkin index of an embedding is multiplicative in the following sense. If g1, g2, and g3 are
three simple algebras and ϕi is an embedding of gi into gi+1 i = 1,2, then
jϕ2○ϕ1 = jϕ2 ⋅ jϕ1 . (2.17)
If under the embedding ϕ ∶ g→ m a representation R of m has a decomposition
R = R⊕m11 ⊕⋯⊕R
⊕mn
n , (2.18)
where Ri is an irreducible representations of g with multiplicity mi. Then, the Dynkin index of the
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(m1`R1 +⋯ +mn`Rn). (2.19)
The following is a key theorem on the Dynkin index.
Theorem 2.7. The Dynkin index of an injective homomorphism between simple Lie algebras is a
positive integer.
When the Dynkin index of a representation f is one, the representation f transforms the longest
root of g into the longest root of m, and transforms the corresponding root vectors of g into root
vectors of m. In the language of embedded subalgebras, we can characterize subalgebras of index
one by the following theorem.
Theorem 2.8 ( [13, Theorem 2.4]). Let g be a simple subalgebra of the simple algebra m. If the
index of g in m is equal to 1, then the root of maximal length and the corresponding root vectors in
g are respectively the roots and the root vectors in the algebra m.
A fundamental representation of a Lie algebra is one for which the highest weight is a simple
root. The defining (or the standard) representation of a simple Lie algebra is the fundamental
representation of the smallest dimension. In physics, it is often called the fundamental representation
of the simple Lie algebra. The Dynkin indices of all fundamental representations of all simple Lie
algebras are listed in Table 2.
We denote a simple subalgebra with its index as a superscript. When the indices are the same
for not linearly equivalent subalgebras, we use (one, two, or three) primes additionally following the
notation of Dynkin in [13, Table 25].
2.6 Dynkin index of a simple Lie algebra
The Dynkin index of a simple Lie algebra g, denoted `g is by definition the greatest common divisor
of the Dynkin indices `R where R runs over all linear representations of g. It is enough to take
the greatest common divisor among all fundamental representations of g since the Dynkin index of
any other representation is a linear combination of them with non-negative integral coefficients. We
list the Dynkin index of fundamental representations of all simple Lie groups on Table 2 while the
Dynkin index of simple Lie algebras are listed on Table 1.
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g An (n ≥ 1) Bn (n ≥ 3) Cn (n ≥ 2) Dn (n ≥ 4) G2 F4 E6 E7 E8
h n + 1 2n 2n 2n − 2 6 12 12 18 30
h∨ n + 1 2n − 1 n + 1 2n − 2 4 9 12 18 30
λg 1 2 1 2 2 6 6 12 60
$ $1 , $n $1 $1 $1 $1 $1 $1, $6 $7 $8
Table 1: The Dynkin index of simple Lie algebras. The Dynkin index λg of a simple Lie algebra
g is the greatest common divisor λg of the Dynkin indexes of its fundamental representations.
The numbers h and h∨ are the Coxeter and the dual Coxeter number. On the last row, we list
the fundamental weights (in the conventions of Bourbaki) whose corresponding representation has
Dynkin index λg. See also [50, Proposition 2.6].
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Table 2: Dynkin indices of the fundamental representations of simple Lie algebras. This table is
obtained from [13, Table 5] after fixing some typos and inaccuracies (index of $n−1 for Bn and Cn;
and the index of $i of E8 for i = 3,4,5,6).
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Algebra(g) Cartan Dynkin Condition Representation
An
n = 0,2,3(mod 4) ⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝
2 −1 0 ⋯ 0 0 0








0 0 0 ⋯ 2 −1 0
0 0 0 ⋯ −1 2 −1








(a1,⋯, an) ≠ (an,⋯, a1)




n = 1 ( mod 4)
(a1,⋯, an) ≠ (an,⋯, a1)
{
(a1,⋯, an) = (an,⋯, a1)














2 −1 0 ⋯ 0 0 0








0 0 0 ⋯ 2 −1 0
0 0 0 ⋯ −1 2 −2










n = 1,2 ( mod 4)
an = 0 ( mod 2)







2 −1 0 ⋯ 0 0 0








0 0 0 ⋯ 2 −1 0
0 0 0 ⋯ −1 2 −1








a1 +⋯ + an = 0( mod 2) Real
a1 +⋯ + an = 1( mod 2) Pseudo-real
Dn
n = 1 ( mod 2) ⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝
2 −1 0 ⋯ 0 0 0








0 0 0 ⋯ 2 −1 −1
0 0 0 ⋯ −1 2 0













n = 0 ( mod 4)
None Real
Dn
n = 2 ( mod 4)
an−1 + an = 0 ( mod 2)
an−1 + an = 1 ( mod 2)
Real
Pseudo-real
Table 3: Cartan matrices, Dynkin diagrams, and reality conditions of representations of classical
simple Lie algebras.
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2 −1 0 0 0 0
−1 2 −1 0 0 0
0 −1 2 −1 0 −1
0 0 −1 2 −1 0
0 0 0 −1 2 0










(a1, a2, a3, a4, a5, a6)
≠ (a5, a4, a3, a2, a1, a6)
(a1, a2, a3, a4, a5, a6)







2 −1 0 0 0 0 0
−1 2 −1 0 0 0 0
0 −1 2 −1 0 0 −1
0 0 −1 2 −1 0 0
0 0 0 −1 2 −1 0
0 0 0 0 −1 2 0











a4 + a6 + a7 = 0 ( mod 2)







2 −1 0 0 0 0 0 0
−1 2 −1 0 0 0 0 0
0 −1 2 −1 0 0 0 −1
0 0 −1 2 −1 0 0 0
0 0 0 −1 2 −1 0 0
0 0 0 0 −1 2 −1 0
0 0 0 0 0 −1 2 0

















2 −1 0 0
−1 2 −2 0
0 −1 2 −1















Table 4: Cartan matrices, Dynkin diagrams, and reality conditions of representations of exceptional
Lie algebras.
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Algebra Highest weight Name Comment
A1 2 3 adjoint
1 2 defining (fundamental) rep., pseudo-real
An≥2 [1,0, . . . ,0,1] n(n + 2) adjoint
[1,0 . . . ,0] n + 1
defining (fundamental) rep., complex
[0, . . . ,0,1] n + 1
Bn≥2 [0,1, . . . ,0] n(2n + 1) adjoint
[1,0, . . . ,0] 2n + 1 defining (vector) representation, real
[0, . . . ,0,1] 2n spin representation
Cn≥2 [2,0, . . . ,0] n(2n + 1) adjoint
[1,0, . . . ,0] 2n defining (fundamental) rep., pseudo-real
[0,1,0 . . . ,0] (n − 1)(2n + 1) traceless antisymmetric rep., pseudo-real
Dn≥4 [0,1,0, . . . ,0] n(2n − 1) adjoint









7 defining (vector) representation, real
F4 [1,0,0,0]
1 0 0 0
52 adjoint
[0,0,0,1]
0 0 0 1

























0 0 0 0 1




0 0 0 0 0 1
248 adjoint
Table 5: Highest weights and names of the most common representations of simple Lie algebras.
The highest weights are given in the basis of fundamental weights and the labeling follows the
conventions of Bourbaki [8]. The defining representation is always the shortest. For D4, there are
three representations that are of equal dimension: [1,0,0,0] = 8v, [0,0,0,1] = 8s, and [0,0,1,0] = 8s.
For E8, the shortest representation is the adjoint representation. For ADE algebras, the adjoint
representation is quasi-minuscule. For Bn, G2, and F4 algebras, the vector representation is quasi-
minuscule. For Cn, the traceless antisymmetric representation is quasi-minuscule. The half-spin
representations of Dn are complex conjugate of each other if n = ±1 mod 4, they are independent of
each other and self-dual otherwise. More precisely, they are real when n = 0 mod 4 and pseudo-real
if n = 2 mod 4.
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(0 ≤ k ≤ n) n2 + 2n (adjoint)
Bn (n ≥ 2) 1 (trivial), 2n (spin) 2n + 1 (vector)
Cn (n ≥ 3) 1 (trivial), 2n (vector) (n − 1)(2n + 1) (traceless antisymmetric)
1 (trivial), 2n (vector)
Dn (n ≥ 4) 2n−1 (half-spin) 2n2 − n (adjoint)
2n−1 (half-spin)
G2 1 (trivial) 7
F4 1 (trivial) 26
E6 1 (trivial), 27, 27 78(adjoint)
E7 1 (trivial), 56 133(adjoint)
E8 1 248(adjoint)
Table 6: Minuscule and quasi-minuscule representations of the simple Lie algebras. A minuscule
representation is one for which all the weights are in the same orbit of the Weyl group. A quasi-
minuscule representation is one for which all the non-zero weights are in the same orbit of the Weyl
group.
Exceptional Lie algebras Maximal S-subalgebras
G2 A281



























2 ⊕ A161 , B122 , G12 ⊕ F14
Table 7: The maximal S-subalgebras of the simple exceptional Lie algebras up to linear equivalence.
The superscript gives the Dynkin index of the subalgebra. See [12, Theorem 4.2].
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Rank Algebra m Maximal R-subalgebras g Maximal S-subalgebras g
1 A1 u1
2 A2 A1 ⊕ u1 A1
C2 A1 ⊕A1, A1 ⊕ u1 A1
G2 A2, A1 ⊕A1 A1
3 A3 A2 ⊕ u1, A1 ⊕A1 ⊕ u1, C2, A1 ⊕A1
B3 A3, A1 ⊕A1 ⊕A1, C2 ⊕ u1 G2
C3 A2 ⊕ u1, A1 ⊕C2 A1, A1 ⊕A1
4 A4 A3 ⊕ u1,A2 ⊕A1 ⊕ u1 C2
D4 A3 ⊕ u1, A1 ⊕A1 ⊕A1 ⊕A1 A2, B3, A1 ⊕C2
B4 D4, A1 ⊕A1 ⊕C2, A3 ⊕A1, B3 ⊕ u1 A1, A1 ⊕A1
C4 A3 ⊕ u1, A1 ⊕C3, C2 ⊕C2 A1, A1 ⊕A1 ⊕A1
F4 B4, A2 ⊕A2, A1 ⊕C3 A1, A1 ⊕G2
5 A5 A4 ⊕ u1, A3 ⊕A1 ⊕ u1, A2 ⊕A2 ⊕ u1 A2, A3, C3, A2 ⊕A1
D5 A4 ⊕ u1, A1 ⊕A1 ⊕A3, D4 ⊕ u1 C2, B4, A1 ⊕B3, C2 ⊕C2
B5 D5, D4 ⊕A1, A3 ⊕C2, A1
A1 ⊕A1 ⊕B3, B4 ⊕ u1
C5 A4 ⊕ u1, A1 ⊕C4, C2 ⊕C3 A1, A1 ⊕C2
6 A6 A5 ⊕ u1, A4 ⊕A1 ⊕ u1, A3 ⊕A2 ⊕ u1 B3
D6 A5 ⊕ u1, A1 ⊕A1 ⊕D4, D5 ⊕ u1 C2, B5, A1 ⊕B4, C2 ⊕B3,
A3 ⊕A3 A1 ⊕C3
B6 D6, D5 ⊕A1, D4 ⊕C2, A1
A3 ⊕B3, A1 ⊕A1 ⊕B4, B5 ⊕ u1
C6 A5 ⊕ u1, A1 ⊕C5, C2 ⊕C4, A1, A1 ⊕A3, A1 ⊕C2
C3 ⊕C3
E6 D5 ⊕ u1, A5 ⊕A1, A2 ⊕A2 ⊕A2 C4, F4, G2, A2, A2 ⊕G2
7 A7 A6 ⊕ u1, A5 ⊕A1 ⊕ u1, A4 ⊕A2 ⊕ u1, D4, C4, A3 ⊕A1
A3 ⊕A3 ⊕ u1
D7 A6 ⊕ u1, A1 ⊕A1 ⊕D5, D6 ⊕ u1 G2, C2, C3, B6, C2 ⊕B4,
A3 ⊕D4 A1 ⊕B5, B3 ⊕B3
B7 D7, B6 ⊕ u1, D6 ⊕A1, D5 ⊕C2, A1, A3, A1 ⊕C2
D4 ⊕B3, A3 ⊕B4, A1 ⊕A1 ⊕B5
C7 A6 ⊕ u1, A1 ⊕C6, C2 ⊕C5, A1, A1 ⊕B3,C3
C3 ⊕C4
E7 A7, E6 ⊕ u1, A5 ⊕A2, D6 ⊕A1 A2, A1, A1 ⊕ F4, G2 ⊕C3,
A1 ⊕G2, A1 ⊕A1
8 A8 A7 ⊕ u1, A6 ⊕A1 ⊕ u1, A5 ⊕A2 ⊕ u1, B4, A2 ⊕A2
A4 ⊕A3 ⊕ u1
D8 A7 ⊕ u1, A1 ⊕A1 ⊕D6, D7 ⊕ u1 B4, B7, C2 ⊕C2, A1 ⊕C4
A3 ⊕D5, D4 ⊕D4 C2 ⊕B5, A1 ⊕B6, B3 ⊕B4
B8 D8, B7 ⊕ u1, D7 ⊕A1, D6 ⊕C2, A1
D5 ⊕B3, A3 ⊕B5, D4 ⊕B4,
A1 ⊕A1 ⊕B6
C8 A7 ⊕ u1, A1 ⊕C7, C2 ⊕C6 A1, C2, A1 ⊕D4
C3 ⊕C5, C4 ⊕C4
E8 A8, D8, E7 ⊕A1, E6 ⊕A2, A4 ⊕A4 A1, C2, A1 ⊕A2, G2 ⊕ F4
Table 8: Maximal subalgebras of the simple Lie algebras upto rank 8.[66]
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3 Curating the original Katz–Vafa cases with singleton subalgebras
During the second string revolution, Katz and Vafa proposed a new method for determining matter
representations without relying on a duality argument between F-theory and the Heterotic string
theory. Historically, the Katz–Vafa method was defined for rank-one enhancements between Lie
algebras of type ADE [48]. The Katz–Vafa method is intuitive and user-friendly to most physicists,
as it is rooted in the concept of Higgsing and utilizes the method of branching rules familiar from the
techniques of Grand Unified Theories since the 1960s. One of the appeals of the Katz–Vafa method
is its simplicity and versatility: it relies on relatively simple data and can be applied to M-theory,
Type IIA theory, and F-theory compactifications.
The Katz–Vafa method determines the matter representation via the branching rule for the
decomposition of the adjoint representation of a parent Lie algebra m along one of its proper subal-
gebras g. Given an embedding g→ m between two Lie algebras m and g, we define the characteristic
representation χ as
adj m = adj g⊕ χ, (3.1)
and the characteristic representation can be written as a sum of irreducible linear representations ri




Since an adjoint representation is always real, the characteristic representation χ is also a real
representation and necessarily takes the form
χ = χr ⊕ χ⊕2q ⊕ χc ⊕ χc, (3.3)
where χr is a real representation, χq is a pseudo-real representation, χc is a complex representation,
and χc is the complex conjugate of χc.
The characteristic representation χ associated to an embedding was introduced by Dynkin in
his classification of semisimple subalgebras of simple Lie algebras [13, Chap 1 §1 No 6]. If we
pass to Lie groups, the characteristic representation χ corresponds to the isotropic group of the
homogeneous space M/G such that g = Lie(G) and m = Lie(M). We introduce the notion of the
reduced characteristic representation as the representation obtained from χ by removing the trivial
representations and all the multiplicities.
This characteristic representation is meaningful both in physical and in mathematical sense.
Physically, the characteristic representation χ corresponds to the matter representation R up to triv-
ial representations and multiplicities. Mathematically, χ is more informative than R: for example,
when m is a simple Lie algebra, we can compute the Dynkin index of g in m from the representation
χ. The multiplicities of each irreducible representation is not physical, so we introduce the notion





which is the sum of the non-trivial component of χ without any multiplicity. The Lie algebra g is
the Lie algebra determined by the gauge algebra, while m is an “enhancement” characterizing certain
codimension-two loci in the base of the elliptic fibration and responsible for the matter. Then it is
natural to think that two distinct branching rules that give different characteristic representations
might give the same reduced characteristic representation.
The original Katz–Vafa method considers rank one enhancements between simply-laced Lie alge-
bras, listed in Table 9.4 It is important to note that, in the cases analyzed in the original Katz–Vafa
paper, the branching rules were not explicitly computed but inferred using intersecting branes tech-
niques and the results were checked against explicit Heterotic string theory constructions. We note
that the irreducible components of χ are (quasi)-minuscule representations.
gÐ→ m Matter representation R
An−k ⊕Ak−1 Ð→ An R = (n − k + 1,k)⊕ (n − k + 1,k)
Dn−2 ⊕A1 Ð→Dn R = (2(n − 2),2)
Dn−4 ⊕A3 Ð→Dn R = (2(n − 4),4)⊕ (2(n − 4),4)⊕ (1,6)
Dn−k ⊕Ak−1 Ð→Dn R = (2(n − k),k)⊕ (2(n − k),k)⊕ (1, 12k(k − 1))⊕ (1,
1
2k(k − 1))
Dn−1 Ð→Dn R = 2(n − 1)
An−1 Ð→Dn R = 12n(n − 1)⊕
1
2n(n − 1)
D5 Ð→ E6 R = 16⊕ 16
A5 Ð→ E6 R = 20
E6 Ð→ E7 R = 27⊕ 27
D6 Ð→ E7 R = 32
A6 Ð→ E7 R = 35⊕ 35⊕ 7⊕ 7
E7 Ð→ E8 R = 56
Table 9: Matter representations from gauge enhancements of type ADE considered in the original
Katz–Vafa’s paper [48].
When g is the only subalgebra in its isomorphic class in m up to linear equivalence, there is only
one possible branching rule and the Katz–Vafa method is perfectly well defined. In such cases, we say
that g is a singleton subalgebra of m. However, singleton subalgebras are a minority of subalgebras
in a given simple Lie algebra m.
In particular, we emphasize that we find non-singleton subalgebras even at the boundary of the
cases initially studied in the Katz–Vafa’s paper. For example, the Lie subalgebra A1 ⊕A1 has two
distinct embeddings in A3, leading to two distinct branching rules for the adjoint representation
of A3. These two embeddings also have different Dynkin indices, and the one that produces the
4In geometric configurations, both Lie algebras g and m are associated with some singularities and their degener-
ations.
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representation expected in F-theory has Dynkin embedding index (1,1). This is a manifestation of
what we think is a key data on the Katz–Vafa method: even when multiple choices are possible,
it always selects the branching rule corresponding to an embedding g → m with Dynkin index one
along all the simple components of g. With a slight abuse of nomenclature, we will simply call them
subalgebras of Dynkin (embedding) index one.
This section aims to curate the original Katz–Vafa cases to shed light on how the Dynkin index
clearly shows a preference for index one subalgebras whenever there is an ambiguity. We will separate
the Katz–Vafa cases into two sectors: singleton and non-singleton subalgebras. The singleton sector
has no ambiguities for determining the matter representations and consists of subalgebras of Dynkin
embedding index one. For non-singleton subalgebras, we will list all the possible matter content that
could be derived from isomorphic but non-linearly equivalent subalgebras. We then observe that
the choice consistent with F-theory and M-theory construction is always the ones corresponding to
subalgebras of Dynkin’s embedding index one.
3.1 Singleton sectors of the original Katz–Vafa cases
In this section, we give a more detailed description of the cases that are originally studied by Katz
and Vafa and listed them in Table 10 after screening to allow parameters such that the branching
is consistent with a singleton subalgebra. For each embedding g→ m, we give explicitly the Dynkin
indices of the irreducible components of the subalgebra g and the characteristic representation χ
such that
[adj m] = [adj g]⊕ χ. (3.5)
In Table 10, we used the traditional physics notations to identify representations. We explain
these notations below following the order of the entries in Table 10.
1. The defining representation of An−1 is denoted as n and its complex conjugate is denoted as
n. Both are minuscule representations. The minuscule and quasi-minuscule representations of
the simple Lie algebras are summarized in Table 6.
2. The second antisymmetric representation of An is denoted as 12n(n − 1) and its complex con-
jugate is denoted as 12n(n − 1); both are minuscule representations. In the case of A3, the
second antisymmetric representation of A3 is real and denoted as 6. Thus, in that case, 6 = 6.
3. The defining representation of Dn is minuscule, real, and denoted as 2n.
4. The spinor representation of D5 of the highest weight [0,0,0,1,0] is complex and denoted as
16, its complex conjugate has the highest weight [0,0,0,0,1] and is denoted as 16. Both
representations 16 and 16 are minuscule and half-spinor representations of D5.
5. The triple antisymmetric representation of A5 (the highest weight [0,0,1,0,0]) is minuscule,
pseudo-real, and denoted as 20.
6. The defining representation of E6 is complex and denoted as 27 and its complex conjugate is
27. Both representations 27 and 27 of E6 are minuscule representations.
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7. The spinor representation of D6 of the highest weight [0,0,0,0,1,0] (resp. [0,0,0,0,0,1]) is
pseudo-real and denoted as 32 (resp. 32); both are minuscule representations.
8. The triple antisymmetric representation of A6 is the complex representation 35 of the highest
weight [0,0,1,0,0,0]. Its complex conjugate is the representation 35 of the highest weight
[0,0,0,1,0,0]. The representations 35 and 35 of A6 are both minuscule.
9. The defining representation of E7 is pseudoreal, quasi-minuscule, and denoted as 56.
g→ m Characteristic representation χ Index
An−k ⊕Ak−1 → An
(n > k > 1, n ≥ 4)
χ = (n − k + 1,k)⊕ (n − k + 1,k)⊕ (1,1) (1,1)
Dn−2 ⊕A1 →Dn
(n ≥ 6)
χ = (2n − 4,2)⊕2 ⊕ (1,1)⊕3 (1,1)
Dn−4 ⊕A3 →Dn
(n ≥ 8)
χ = (2n − 8,1)⊕2 ⊕ (1,6)⊕2 ⊕ (2n − 8,6)⊕ (1,1) (1,1)
Dn−k ⊕Ak−1 →Dn
(k ≥ 3, n − k ≥ 4)
χ = (2n − 2k,k)⊕ (2n − 2k,k)⊕ (1, 12k(k − 1))⊕ (1,
1
2k(k − 1))⊕ (1,1) (1,1)
An−1 → An (n ≥ 4) χ = n⊕ n⊕ 1 1
An−1 →Dn (n ≥ 5) χ = 12n(n − 1)⊕
1
2n(n − 1)⊕ 1 1
Dn−1 →Dn (n ≥ 5) χ = (2n − 2)⊕2 ⊕ 1 1
D5 → E6 χ = 16⊕ 16⊕ 1 1
A5 → E6 χ = 20⊕2 ⊕ 1⊕3 1
E6 → E7 χ = 27⊕ 27⊕ 1 1
D6 → E7 χ = 32⊕2 ⊕ 1⊕3 1
A6 → E7 χ = 35⊕ 35⊕ 7⊕ 7 1
E7 → E8 χ = 56⊕2 ⊕ 1⊕3 1
Table 10: Complete branching rules of the embeddings g → m described in the Katz–Vafa’s paper.
By definition [adj m] = [adj g] ⊕ χ. In the last column, we indicate the Dynkin index of the
embedding g → m. We restrict the values of k and n to ensure that the Lie subalgebra g is unique
in its isomorphic class up to linear equivalence in m.
3.2 Non-singleton subalgebras among the orignal Katz–Vafa’s cases
In this section, we scrutinize Katz–Vafa cases in which the subalgebra g is not unique up to linear
equivalence in its isomorphic class inside the parent subalgebra m. These are the non-singleton
subalgebras. They are all boundary cases of the generic singleton cases of the Katz–Vafa cases. First
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we show that such subalgebras do exist. Two of the Katz–Vafa’s cases, namely
D1n−4 ⊕A13 → Dn and Dn−k ⊕Ak−1 → Dn, (3.6)
share an intersection, which has not been studied in the literature. When k = 4 (or k = n − 3), they
both give an embedding D1n−4⊕A13 →Dn. However, they give distinct characteristic representations,
namely:
[adjso2n] = [(adjso2n−8 ,1)⊕ (1,15)]⊕ (1,6)
⊕2 ⊕ (1,1)⊕ (2n − 8,6)⊕ (2n − 8,1)⊕2, (3.7)
[adjso2n] = [(adjso2n−8 ,1)⊕ (1,15)]⊕ (1,6)
⊕2 ⊕ (1,1)⊕ (2n − 8,4)⊕ (2n − 8,4). (3.8)
The first one uses the representation 6 of A3 and does not use the spin representation of A3, while
the second one explicitly uses the spin representation 4 of A3. Using the small rank isomorphism
Spin(6) ≅ SU(4), we determine that the first branching rule given in the equation (3.7) is compatible
with a gauge group SO(2n−8)×SO(6), while the second one given by the equation (3.8) is compatible
with a gauge group SO(2n − 8) × SU(4).
All the other cases are related to one of the following rank isomorphisms involving Dn:
D1 ≅ A1, D2 ≅ A1 ⊕A1, D3 ≅ A3. (3.9)
Utlizing these isomorphisms, we get the following boundary cases:
A1 → A2 (3.10)
A1 ⊕A1 → A3, (3.11)
A3 → D4, (3.12)
A3 ⊕A1 → D5, (3.13)
A3 ⊕A1 ⊕A1 → D6, (3.14)
A3 ⊕A3 → D7. (3.15)
In each case, the subalgebra is not unique up to linear equivalence. We will scrutinize each case in
the rest of this section.
3.3 A1 → A2
Despite the simple appearance, the case of A1 → A2 gives rise to two distinct embeddings:
A11 → A2 ∶ [8] = [3]⊕ χ, χ = 2⊕2 ⊕ 1, (3.16)
A21 → A2 ∶ [8] = [3]⊕ χ, χ = 5. (3.17)
The first one give rise to an embedding of Dynkin index one, however, the other one corresponds to
an embedding with a Dynkin index two. The matter representation from the geometric perspective
corresponds to the first one, which demonstrates the effectiveness of our proposal as a selection rule.
Having two distinct matter contents are not surprising since these corresponds to the gauge groups
SU(2) and SO(3) respectively that are both subgroups of SU(3).
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3.4 The A1 ⊕A1 → A3 case
Up to linear equivalence, there are two classes of embeddings of type A1 ⊕A1 → A3:
A11 ⊕A11 → A3 ∶ [15] = [(3,1)⊕ (1,3)]⊕ (2,2)⊕2 ⊕ (1,1), (3.18)
A21 ⊕A21 → A3 ∶ [15] = [(3,1)⊕ (1,3)]⊕ (3,3). (3.19)
They have distinct Dynkin indices and characteristic representations. The embedding of index one,
namely A11⊕A11 → A3, gives the matter content that we expect at the collision of two branes carrying
each an SU(2) gauge group with the bifundamental matter (2,2). In F-theory, this representation
is observed for the Spin(4) and SO(4)-model studied in [29].
We note that this is exactly the case considered in the original Katz–Vafa for the A-series where
the Levi rule is used to ruled out equation (3.19) and remain the equation (3.18) solely as the correct
matter representation listed in Table 10.
However, despite that the embedding of equation (3.19) does not produce the bifundamental
representation one would expect from D-brane construction, it does correspond to a representation
familiar in string theory compactification. In fact, the matter transforming in the representation
(3,3) appears naturally when the bosonic string is compactified on a circle of self-dual radius as
discussed in [61, Section 8.3].
3.5 A3 →D4
There are three nonequivalent subalgebras of type A3 in D4. They are connected by triality as each
copy of A3 corresponds to removing one of the legs of D4. They all have Dynkin index one and give
the same branching rule for the adjoint representation of D4:
A13 → D4 ∶ [28] = [15]⊕ χ, χ = 6⊕ 1. (3.20)
Unlike the adjoint representation, they have different branchings for the vector and spinor represen-
tations of D4:
A13 → D4 ∶ [28] = [15]⊕ 6⊕ 1, 8v = 4⊕ 4, 8s = 4⊕ 4, 8c = 6⊕ 1⊗2, (3.21)
A13 → D4 ∶ [28] = [15]⊕ 6⊕ 1, 8v = 4⊕ 4, 8s = 6⊕ 1⊗2, 8c = 4⊕ 4, (3.22)
A13 → D4 ∶ [28] = [15]⊕ 6⊕ 1, 8v = 6⊕ 1⊗2 8s = 4⊕ 4, 8c = 4⊕ 4. (3.23)
These three enhancements are familiar from the antisymmetric representation of the SU(4)-model
[36] and the full matter representation of the SO(6)-model [22].
3.6 A1 ⊕A3 →D5
There are two linearly inequivalent subalgebras isomorphic to A1⊕A3 in D5 and they differ by their
Dynkin indices and their characteristic representations:
A11 ⊕A13 → D5 ∶ [45] = [(3,1)⊕ (1,15)]⊕ (2,6)⊕2 ⊕ (1,1)⊕3, (3.24)
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A21 ⊕A13 → D5 ∶ [45] = [(3,1)⊕ (1,15)]⊕ (3,6)⊕ (3,1)⊕ (1,6). (3.25)
The branching rule in equation (3.24) has Dynkin index one and has bifundamental representation
as expected for a generic model SU(2)×SU(4)/Z2, which is derived geometrically in [30]. We do not
know any model satisfying the branching rule given in equation (3.25), however, it is compatible with
the matter content of an SO(3)×SO(6)-model since there is no appearance of the spin representation
2 of SU(2).
3.7 A3 ⊕A1 ⊕A1 →D6
There are three distinct embeddings of the Lie algebra A3 ⊕A1 ⊕A1 as a subalgebra of D6. They
have the following Dynkin indices and branching rule for the adjoint representation:
A13 ⊕A11 ⊕A11 → D6 ∶ [66] = [(15,1,1)⊕ (3,1,1)⊕ (1,3,1)]⊕ χ,
χ = (4,2,2)⊕ (4,2,2)⊕ (6,1,1)⊕2 ⊕ (1,1,1),
(3.26)
A13 ⊕A11 ⊕A11 → D6 ∶ [66] = [(15,1,1)⊕ (3,1,1)⊕ (1,3,1)]⊕ χ,
χ = (1,2,2)⊕2 ⊕ (6,2,2)⊕ (6,1,1)⊕2 ⊕ (1,1,1),
(3.27)
A13 ⊕A21 ⊕A21 → D6 ∶ [66] = [(15,1,1)⊕ (3,1,1)⊕ (1,3,1)]⊕ χ,
χ = (1,3,3)⊕ (6,3,1)⊕ (6,1,3).
(3.28)
In the equations (3.26) and (3.27), we have two subalgebras A3⊕A1⊕A1 of index one in D6 but with
different characteristic representations. Such situations are to be expected as A3 is the Lie algebra
of both SU(4) and SO(6) and the resulting representations in a gauge theory will be different. This
is easy to be witnessed as the equation (3.26) yields the representations 4 and 4 corresponding to
the gauge algebra SU(4) whereas the equation (3.27) yields the representation 6 corresponding to
the gauge algebra SO(6).
3.8 A3 ⊕A3 →D7
There are two linearly nonequivalent subalgebras A3 ⊕A3 in D7 and they both have Dynkin index
one for each of their simple components. But they have distinct characteristic representations:
A13 ⊕A13 → D7 ∶ [91] = [(15,1)⊕ (1,15)]⊕ (4,6)⊕ (4,6)⊕ (6,1)⊕2 ⊕ (1,1), (3.29)
A13 ⊕A13 → D7 ∶ [91] = [(15,1)⊕ (1,15)]⊕ (6,6)⊕ (1,6)⊕2 ⊕ (6,1)⊕2 ⊕ (1,1). (3.30)
This shows that in a given isomorphism class, the subalgebra of embedding index one is not neces-
sarily unique. Such cases are rare but do exist. When the parent Lie algebra has a nontrivial center,
the global structure of the Lie group can help select one embedding over another. For example, in
the current case, the first branching rule given in equation (3.29) involves the spin representations
4 and 4 of D3 while the other one given in equation (3.30) does not.
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4 Beyond the Katz–Vafa cases: singleton subalgebras
In this section, we explore branching rules from the embeddings g → m of type ADE that are not
in the original cases of Katz–Vafa. To ensure that the Katz–Vafa method is not ambiguous, we
consider subalgebras g ⊂ m that admit a unique embedding g → m. More precisely, we consider
singleton embeddings, which is defined as following.
Definition 4.1. An embedding g ⊂ m is said to be a singleton embedding if there is no other
embedding s→ m such that g is isomorphic to s, while g and s are not linearly equivalent.
All the singleton subalgebras of simple Lie algebras up to rank eight are classified in [15]. In the
context of this section, we will only consider those that are ADE semisimple Lie subalgebras inside
E6, E7, and E8. They are listed in Table 11.
We focus on exploring the branching rules for the embeddings g→ m given by Miranda’s models.
Miranda’s models have seven types of collisions of Kodaira fibers that we consider here as ADE
cases [6? ]. These embeddings are a natural extension of the cases considered by Katz–Vafa and are
inspired by the geometry of elliptic threefolds defined by Weierstrass models:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
In+Im → “In+m”, (n,m > 0),










These collisions of singularities often appear in F-theory models [6, 28]. In contrast to those of
Katz–Vafa, they are not always rank-one enhancements. The dual graphs of these fibers suggest the
following embeddings when all Kodaira fibers are understood to be of split types:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
An−1 ⊕Am−1 → An+m−1, (n,m > 0),
An−1 ⊕D4+m → Dn+m+4, (n,m > 0),
A2 → D4,
D4 → E6,
A1 ⊕D4 → E7,
E6 → E8,
A2 ⊕D4 → E8,
A1 ⊕D4 → E8.
(4.2)
We have already studied the three embeddings in Section 3 as a part of the original Katz–Vafa’s
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cases. We consider the rest of the new embeddings that corresponds to the following five cases:
D4 → E6, A1 ⊕D4 → E7, E6 → E8, A2 ⊕D4 → E8, A1 ⊕D4 → E8. (4.3)
They are rank-two enhancements. We can use our understanding of the geography of semisimple
Lie subalgebras of exceptional Lie algebras to streamline the analysis [15]. There is no possible
ambiguity for applying the Katz–Vafa method to these five cases as they are all singleton embeddings
(the singleton embeddings are embeddings of the type g → m where g is unique in m up to linear
equivalence, see Definition 4.1). Moreover, each case has Dynkin index one.
g ADE semisimple singleton subalgebras g ⊂ m
A2 none
A3 A2
A4 A2, A3, A1 ⊕A2
D4 A⊕41
A5 A1 ⊕A3, A⊕22 , A4
D5 A⊕21 ⊕A2, A
⊕2
1 ⊕A3, A4, D4
E6 A1 ⊕A1 ⊕A3, A1 ⊕A4, A1 ⊕A5, A⊕32 , A4, A5, D4, D5
E7 A⊕71 , A
⊕3
1 ⊕D4, A1 ⊕A2 ⊕A3, A1 ⊕A
⊕2
3 , A1 ⊕D5, A1 ⊕D6, A
⊕3
2 , A2 ⊕A4, A2 ⊕A5,
A⊕23 , A4, A6, A7, D5, D6, E6










1 ⊕D6, A1 ⊕A2 ⊕A4, A1 ⊕A2 ⊕A5,
A1⊕A6, A1⊕A7, A1⊕E7, A⊕42 , A2⊕A4, A2⊕A5, A2⊕D5, A2⊕E6, A3⊕A4, A3⊕D4,
A3 ⊕D5, A⊕24 , D4 ⊕D4, A5, A6, A8, D5, D6, D7, D8, E6, E7
Table 11: Singleton ADE semisimple subalgebras of A5, D5, E6, E7, and E8. Each subalgebra is the
only subalgebra (up to linear equivalence) in its isomorphism class. See [15] for the full list of all
singleton semisimple subalgebras of simple Lie algebras of rank up to eight.
4.1 D4 → E6
The algebra E6 has 118 proper Lie subalgebras up to linear equivalence, among whom only one
subalgebra is isomorphic to D4. It follows that D4 is a singleton subalgebra of E6. Moreover, it has
Dynkin index one and gives the following branching rule for the adjoint representation:
D14 → E6 ∶ [78] = [28]⊕ χ, χ = 8⊕2v ⊕ 8⊕2s ⊕ 8⊕2c ⊕ 1⊕2. (4.4)
The Spin(8)-model is studied in [19].
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4.2 A1 ⊕D4 → E7
A11 ⊕D14 → E7 ∶ [133] = [(3,1)⊕ (1,28)]⊕ χ,
χ = (1,8v)⊕4 ⊕ (2,8s)⊕2 ⊕ (2,8c)⊕2 ⊕ (1,1)⊕6,
(4.5)
A11 ⊕D14 → E7 ∶ [133] = [(3,1)⊕ (1,28)]⊕ χ,
χ = (2,8v)⊕2 ⊕ (1,8s)⊕4 ⊕ (2,8c)⊕2 ⊕ (1,1)⊕6,
(4.6)
A11 ⊕D14 → E7 ∶ [133] = [(3,1)⊕ (1,28)]⊕ χ,
χ = (2,8v)⊕2 ⊕ (2,8s)⊕2 ⊕ (1,8c)⊕4 ⊕ (1,1)⊕6.
(4.7)
All the branching rules do not respect the triality with three representations 8v, 8c, and 8s. In
fact, the natural branching rule to respect the triality to have χ = (2,8v)⊕2 ⊕ (2,8s)⊕2 ⊕ (2,8c)⊕2 ⊕
(1,1)⊕6 does not exist as a branching rule; this is consistent with that this will yield a fractional
Dynkin index.
4.3 E6 → E8
The subalgebra E6 is a singleton subalgebra of E8 of Dynkin index one, and its characteristic
representation χ is
E16 → E8 ∶ [248] = [78]⊕ χ, χ = 27⊕3 ⊕ 27
⊕3 ⊕ 1⊕8. (4.8)
4.4 A3 ⊕D4 → E8
The subalgebra A3 ⊕D4 is a singleton subalgebra of E8. Its characteristic representation χ is:
A13 ⊕D14 → E8 ∶ [248] = [(15,1)⊕ (1,28)]⊕ χ,
χ = (6,8v)⊕ (1,8v)⊕2 ⊕ (6,1)⊕2 ⊕ (4,8c)⊕ (4,8s)⊕ (4,8s)⊕ (4,8c)⊕ (1,1).
(4.9)
The branching rules do not respect the triality with three representations 8v, 8c, and 8s. We note
that this is compatible with an SU(4)×Spin(8)-model since we have spinors representations (4,8s)
and (4,8c).
4.5 A1 ⊕A1 →D4
There is a unique subalgebra of the type A1 ⊕ A1 in D4 [15] and it has Dynkin index (1,1) and
characteristic representation χ given as follows:
A11 ⊕A11 → D4 ∶ [28] = (3,1)⊕ (1,3)⊕ χ, χ = (2,2)⊕4 ⊕ (1,1)⊕6. (4.10)
These representations occur in the SO(4)-models and Spin(4)-models [29].
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5 The SU(5)-model
There are models from F-theory that give rise to non-singleton subalgebras. We illustrate this
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Figure 1: The expected gauge group enhancement of SU(5).
5.1 A4 →A5,D5
In this section, we study the branching rule of the Lie algebra A4 in A5, E6, E7, and E8, as represented
in Figure 1. In this way, we will reproduce the known result of the SU(5)-model with respect to its
enhancement to E6 and E7. We will also illustrate how the Dynkin index helps identify the “generic"
configuration expected in F-theory when SU(5) enhances to E8.
The geometry of the SU(5)-model proposes the following enhancement over codimension two
loci, as represented as the first and second rows of Figure 1:
⎧⎪⎪⎨⎪⎪⎩
Is5 → Is6,
Is5 → “I∗s1 ”.
(5.1)
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These fiber enhancements indicate that the matter representations will be induced by the following
embeddings.
A4 → A5, (5.2)
A4 → D5. (5.3)
As we can see from Table 11, A4 is a singleton subalgebra of both A5 and D5. Thus, the isomorphism
class of the subalgebra is enough to completely determine the embedding and the characteristic
representation. They are already treated in Table 10 to yield the characteristic representations as
A4 → A5 ∶ χ = 5⊕ 5⊕ 1, (5.4)
A4 → D5 ∶ χ = 10⊕ 10⊕ 1. (5.5)
5.2 A4 → E6,E7,E8
It is also possible to have both representations 5 and 10 and their complex conjugates by requiring
an enhancement of the type
Is5 → IV∗s, III∗, or II∗. (5.6)
In terms of corresponding algebras, this represents an enhancement from A4 to E6, E7, or E8, which
are represented as the third to fifth rows of Figure 1. There is a unique subalgebra of type A4 inside
E6 and the same is true inside E7. In both cases, the A4 subalgebra has Dynkin index one. For the
case of the enhancement to E8, the situation is a bit more complicated. There are two nonlinearly
equivalent subalgebras of type A4 inside E8: one subalgebra has Dynkin index one and the other
subalgebra has Dynkin index two.
The characteristic representations for the subalgebras of index one are
A14 → E6 ∶ [78] = [24]⊕ χ, χ = 5⊕ 5⊕ 10⊕2 ⊕ 10
⊕2 ⊕ 1⊕4, (5.7)
A14 → E7 ∶ [133] = [24]⊕ χ, χ = 5⊕4 ⊕ 5
⊕4 ⊕ 10⊕3 ⊕ 10⊕3 ⊕ 1⊕9, (5.8)
A14 → E8 ∶ [248] = [24]⊕ χ, χ = 5⊕10 ⊕ 5
⊕10 ⊕ 10⊕5 ⊕ 10⊕5 ⊕ 1⊕24. (5.9)
They all give rise to the same matter representations 5, 10, and 24.
The subalgebra A24 in E8 is unique up to linear equivalence and has the following branching rule
and characteristic representation:
A24 → E8 ∶ [248] = [24]⊕ χ, χ = 24⊕ 5⊕ 5⊕ 10⊕ 10⊕ 40⊕ 40⊕ 45⊕ 45. (5.10)
We can also distinguish A14 and A
2
4 in E8 by the fact that A
2
4 is a semisimple subalgebra of A
1
4 ⊕A14,
while A14 is a subalgebra of E7:
A24 → A14 ⊕A14 → E8, (5.11)
A14 → A15 → D15 → E16 → E17 → E8. (5.12)
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6 G2 and F4-models
In [39], the following branching rules are listed to explain the appearance of the fundamental matters
for G2 and F4-models:
G2 → D4 ∶ 28 = 14⊕ 7⊕2, F4 → E6 ∶ 78 = 52⊕ 26. (6.1)
While these branching rules give the correct matter content observed in F-theory (namely, the
representation 7 for G2 [19] and the representation 26 for F4 [23]), they are incompatible with the
geometry of the localized enhancements of the fibers of these geometries. For the F4-model, the fiber
IV∗ns has localized enhancements not to an incomplete E6 but rather to an incomplete E7 (whose
fiber is III∗) or an incomplete E8 (whose fiber is II∗) depending on the valuations of the Weierstrass
coefficients.
This choice is also not minimal as we can get the representation 7 from the unique embedding
of G2 in B3 where G2 is a maximal subalgebra.
The crepant resolution of the Weierstrass models of G2 and F4-models are studied in detail re-
spectively in [19] and [23]. The geometry of these fibrations suggests that the matter content derived
by the Katz–Vafa algorithm should be based on the branching rules for the following embeddings:
G2 → D5, G2 → E6, F4 → E7, F4 → E8. (6.2)
Our discussion will rely on the geography of the subalgebras of D5, E6, E7, and E8 [15]. It would
be desirable to identify branching rules that explain the observed matter representation using the
Katz–Vafa picture while being consistent with the geometry.
• The Lie algebra G2 is a singleton subalgebra of B3, D4, and D5, and has Dynkin index one
in all of them. Thus, the embedding of G2 in these Lie groups give a unique characteristic
representation in each case.
• The Lie algebra G2 has two non-linearly equivalent embeddings in E6: One is an R-subalgebra
of Dynkin index one and the other one is a maximal S-subalgebra of E6 with Dynkin index
three.
• The Lie subalgebra F4 is a singleton subalgebra of Dynkin index one of E6, E7, and E8. It
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Figure 3: Degeneration of the G2 fiber.
6.1 G2 → B3,D4,D5,E6
The list of all possible branching rules are
G12 → B3 ∶ [21] = [14]⊕ χ, χ = 7, (6.3)
G12 → D4 ∶ [28] = [14]⊕ χ, χ = 7⊕2, (6.4)
G12 → D5 ∶ [45] = [14]⊕ χ, χ = 7⊕4 ⊕ 13, (6.5)
G12 → E6 ∶ [78] = [14]⊕ χ, χ = 78 ⊕ 18, (6.6)
G32 → E6 ∶ [78] = [14]⊕ χ, χ = 64. (6.7)
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All the embeddings of G2 in B3, D4, and D5 have Dynkin index one and the same reduced char-
acteristic representation, namely the representation 7. However, there are two linearly inequivalent
representations of G2 in E6 with Dynkin index one and two. The one with Dynkin index one gives
again the representation 7. However, the one of Dynkin index two gives the isotropic characteristic
representation 64.
6.2 F4 → E6,E7,E8
F14 → E6 ∶ [78] = [52]⊕ χ, χ = 26, (6.8)
F14 → E7 ∶ [133] = [52]⊕ χ, χ = 26⊕3 ⊕ 1⊕3, (6.9)
F14 → E8 ∶ [248] = [52]⊕ χ, χ = 26⊕7 ⊕ 1⊕14. (6.10)
In contrast to the case of G2, for F4-models, there is no room for ambiguity: all the embeddings of F4
in En (n = 6,7,8) have Dynkin index one and give the same reduced characteristic representations,
namely the representation 26.
7 The Spin(7)-model
The geometry of the Spin(7)-model is studied in [19]. The possible degenerations of the generic fiber
I∗ss0 suggest the following embeddings:
B3 → D4, B3 → B4, B3 → D5, B3 → F4, B3 → E6. (7.1)
We will rely on the geography of semisimple subalgebras of D4, B4, D5, F4, and E6 to quickly explain
these embeddings [15]. We will number the embeddings according to how they appear in de Graaf’s
database. There is a particular implication to these cases: the triality and its breaking by an uplift.
We will also see that F4 and E6 contains Spin(7) as a subgroup as they clearly require the presence
of the spin representation of Spin(7).
7.1 B13 →D4
The subalgebra B3 is embedded in D4 in three distinct ways corresponding to three maximal S-
subalgebra of Dynkin index one connected by triality. The embedding of B3 in D4 is an example of
an adjoint singleton subalgebra: the embeddings are not linearly equivalent but they give the same
characteristic representation, namely the representation 7 of B3:
B13 → D4 ∶ [28] = [21]⊕ χ, χ = 7. (7.2)
We note that we get an isotropic characteristic representation (χ is irreducible).
7.2 B13 → B4 or B5
When D4 is embedded in B4, we see the breaking of triality in two different ways, which gives two
different groups compatible whose algebra is B3. Two of the three non-linearly equivalent subalgebra
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B3 of D4 becomes linearly equivalent in B4. It follows that B3 can be embedded in two different
ways in B4, both have Dynkin index one and are contained in D4:
B13 → B4 ∶ [36] = [21]⊕ χ, χ = 7⊕ 8, (7.3)
B13 → B4 ∶ [36] = [21]⊕ χ, χ = 7⊕2 ⊕ 1. (7.4)
The distinction between the two cases is clear when we consider the possible global structure of a
compact group with Lie algebra B3. The first embedding is compatible with the group Spin(7) as it
involves the spin representation 8 of B3, while the second embedding is only compatible with SO(7)
since it involves only the vector and trivial representation of B3.
There are two distinct embeddings of B3 in D5, whose Dynkin index is one but can be differen-
tiated from each other by the presence of the spin representation 8:
B13 → D5 ∶ [45] = [21]⊕ χ, χ = 7⊕ 8⊕2 ⊕ 1, (7.5)
B13 → D5 ∶ [45] = [21]⊕ χ, χ = 7⊕3 ⊕ 1⊕3. (7.6)
7.3 B13 → F4 or E6
The Lie algebra B3 is a singleton subalgebra of both F4 and E6 and it has index one in both of
them. In both cases, we get both vector, spin, and trivial representations of B3:
B13 → F4 ∶ [52] = [21]⊕ χ, χ = 7⊕2 ⊕ 8⊕2 ⊕ 1, (7.7)
B13 → E6 ∶ [78] = [21]⊕ χ, χ = 7⊕3 ⊕ 8⊕4 ⊕ 1⊕4. (7.8)
8 The USp(4)-model
The USp(4)-model is interesting in many ways [21]. We recall that USp(4) is isomorphic to Spin(5)
and is the universal over of SO(5). This is related to the isomorphism between C2 and B2. The
analysis of the fibers of USp(4)-model shows that the localized matter contains representations 5
and 4 of C2. The SO(5)-model contains matter only in the representation 5. The fiber appearing
geometrically are of type I5, I∗0 , and I
∗
1 . The generic fiber is itself I
ns
4 with an I4 as a geometric fiber.
It is therefore natural to investigate the embedding of C2 in A3, C3, B3, A4, D4, D5.
The geographies of all these simple Lie algebras are studied in [15]. The key points are the
following:
• C2 is a singleton subalgebra of A3, B3, and C3.
• There are two subalgebras of A4 of type C2 with distinct Dynkin 1 and 2.
• There are three subalgebras of D4 of type C2 and they are related by triality and are adjoint
singletons.




There is a unique embedding of C2 in A3 up to linear equivalence. Moreover, this embedding has
Dynkin embedding index one and its characteristic representation is isotropic:
C12 → A3 ∶ [15] = [10]⊕ χ, χ = 5, (8.1)
8.2 C2 → B3
There is a unique embedding of C2 in B3 up to linear equivalence and its Dynkin embedding index
is one:
C12 → B3 ∶ [21] = [10]⊕ χ, χ = 5⊕2 ⊕ 1, (8.2)
8.3 C2 →C3
There is a unique embedding of C2 in C3 up to linear equivalence and its Dynkin embedding index
is one:
C12 → C3 ∶ [21] = [10]⊕ χ, χ = 4⊕2 ⊕ 1⊕3, (8.3)
8.4 C2 →A4
There are two embeddings of C2 in B3 up to linear equivalence, including one with Dynkin embedding
index one:
C12 → A4 ∶ [24] = [10]⊕ χ, χ = 5⊕ 4⊕2 ⊕ 1, (8.4)
C22 → A4 ∶ [24] = [10]⊕ χ, χ = 14, (8.5)
8.5 C2 →D4
There is a unique embedding of C2 in D4 up to linear equivalence and its Dynkin embedding index
is one:
C12 → D4 ∶ [28] = [10]⊕ χ, χ = 5⊕3 ⊕ 1⊕3, (8.6)
8.6 C2 →D5
There are four embeddings of C2 in D5 up to linear equivalence, one of them has Dynkin index one:
C12 → D5 ∶ [45] = [10]⊕ χ, χ = 5⊕3 ⊕ 4⊕4 ⊕ 1⊕4, (8.7)
C12 → D5 ∶ [45] = [10]⊕ χ, χ = 5⊕5 ⊕ 1⊕10, (8.8)
C22 → D5 ∶ [45] = [10]⊕ χ, χ = 14⊕ 10⊕2 ⊕ 1, (8.9)
C32 → D5 ∶ [45] = [10]⊕ χ, χ = 35. (8.10)
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We see that the two C12 → D5 have different characteristic representations. They also correspond
to different sets of compatible groups. The first one need the group to be USp(4) while the second
could have an SO(5) as well since the 4 of C2 does not appear.
9 A1 ⊕A1: the SU(2)×SU(2)-models
In this section, we consider the collisions
I2 + I2 → I4, (9.1)
I2 + I2 → I∗0 . (9.2)
They correspond to SO(4)- or Spin(4)-models where their geometry is studied in [29], where the
degenerations of the fibers are presented in Figure 4. Taking into account all the possible split,
non-split, and semi-split options for the Kodaira fibers of type I4 and I∗0 , we get the following types
of embeddings:
A1 ⊕A1 → A3, (9.3)
A1 ⊕A1 → C2, (9.4)
A1 ⊕A1 → G2, (9.5)
A1 ⊕A1 → B3, (9.6)
A1 ⊕A1 → D4. (9.7)
We will analyze each case using the geography of semisimple subalgebras of A3, C2, G2, B3, and
D4. They will be considered in Section 15 for its links of the channels of maximal subalgebras.
9.1 A1 ⊕A1 →A3
The A3 has two distinct embeddings of type A1 ⊕ A1: one is an S-subalgebra of Dynkin index
(1,1) and contained in the S-maximal subalgebra B12 of A3, where as the other one is a maximal
S-subalgebra of Dynkin index (2,2).
7 ∶ A11 ⊕A11 → A3 ∶ [15] = [(3,1)⊕ (1,3)]⊕ χ, χ = (2,2)⊕2 ⊕ (1,1), (9.8)
8 ∶ A21 ⊕A21 → A3 ∶ [15] = [(3,1)⊕ (1,3)]⊕ χ, χ = (3,3). (9.9)
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Ins2 + Is2 or Is2 + Is2 A3
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III + Ins2 or III + Is2











Figure 4: Degeneration of the SO(4) fibers, which is established via SU(2)×SU(2) fibers with a
Mordell-Weil group Z2.
9.2 A1 ⊕A1 →C2
The A1 ⊕A1 is a singleton subalgebra of C2 of Dynkin index (1,1):
4 ∶ A11 ⊕A11 → C2 ∶ [10] = [(3,1)⊕ (1,3)]⊕ χ, χ = (2,2). (9.10)
9.3 A1 ⊕A1 →G2
A1 ⊕A1 is a singleton subalgebra of G2 of Dynkin index (3,1):
6 ∶ A31 ⊕A11 → G2 ∶ [10] = [(3,1)⊕ (1,3)]⊕ χ, χ = (4,2). (9.11)
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This exotic matter shows that the enhancement to G2 is not generic for a A1 ⊕A1 model.
9.4 A1 ⊕A1 → B3
A1 ⊕A1 can be embedded in three different ways inside B3, each case is distinguished by a different
Dynkin index: (1,1), (1,2), or (1,3):
10 ∶ A11 ⊕A11 → B3 ∶ [21] = [(3,1)⊕ (1,3)]⊕ χ, χ = (2,2)⊕3 ⊕ (1,1)⊕3, (9.12)
11 ∶ A11 ⊕A21 → B3 ∶ [21] = [(3,1)⊕ (1,3)]⊕ χ, χ = (2,3)⊕2 ⊕ (1,1)⊕3, (9.13)
12 ∶ A11 ⊕A21 → B3 ∶ [21] = [(3,1)⊕ (1,3)]⊕ χ, χ = (2,4)⊕ (1,3)⊕ (2,2). (9.14)
We see that the subalgebra of Dynkin index one gives the matter representations we expect from
considering the technique of intersecting branes (the bifundamental representation).
9.5 A1 ⊕A1 →D4
The A1⊕A1 can be embedded in 13 different ways inside D4 some of which are related by triality. The
embeddings of index one are related by triality and gives the same characteristic representation. The
three embeddings of index (1,2) (resp. (2,2), and (2,10)) are also related by triality. The embedding
of index (1,3) is a singleton embedding.
A11 ⊕A11 → D4 ∶ [28] = [(3,1)⊕ (1,3)]⊕ χ, χ = (2,2)⊕4 ⊕ (1,1)⊕6, (9.15)
A11 ⊕A21 → D4 ∶ [28] = [(3,1)⊕ (1,3)]⊕ χ, χ = (2,3)⊕2 ⊕ (1,3)⊕ (2,1)⊕2 ⊕ (1,1)⊕3, (9.16)
A21 ⊕A21 → D4 ∶ [28] = [(3,1)⊕ (1,3)]⊕ χ, χ = (3,3)⊕ (3,1)⊕2 ⊕ (1,3)⊕2 ⊕ (1,1), (9.17)
A21 ⊕A101 → D4 ∶ [28] = [(3,1)⊕ (1,3)]⊕ χ, χ = (1,7)⊕ (3,5), (9.18)
A11 ⊕A31 → D4 ∶ [28] = [(3,1)⊕ (1,3)]⊕ χ, χ = (2,4)⊕ (1,3)⊕2 ⊕ (2,2)⊕2. (9.19)
10 A1 ⊕A2: the SU(2)×SU(3)-model
The geometry of the A1⊕A2-models realized by crepant resolutions of a Weierstrass model indicates
that the following embedding are at play:
A1 ⊕A2 → A4, (10.1)
A1 ⊕A2 → A5, (10.2)
A1 ⊕A2 → D5, (10.3)
A1 ⊕A2 → E6, (10.4)
A1 ⊕A2 → E7. (10.5)
There is a unique embedding of A1 ⊕ A2 in A4 already covered as one of the original Katz–Vafa
cases. There are three distinct embeddings of A1 ⊕A2 in A5, two embeddings in D5, twelve in E6,
and twenty-six embedding in E7.
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10.1 A1 ⊕A2 →A5
A11 ⊕A12 → A5 ∶ χ = (2,3)⊕ (1,3)⊕ (2,1)⊕2 ⊕ (2,3)⊕ (1,3)⊕ (1,1)⊕2, (10.6)
A41 ⊕A12 → A5 ∶ χ = (3,3)⊕ (5,1)⊕ (3,3)⊕ (1,1), (10.7)
A31 ⊕A22 → A5 ∶ χ = (3,8). (10.8)
10.2 A1 ⊕A2 →D5
A11 ⊕A12 → D5 ∶ χ = (2,3)⊕2 ⊕ (2,3)⊕2 ⊕ (1,3)⊕ (1,3)⊕ (1,1)⊕4, (10.9)
A21 ⊕A12 → D5 ∶ χ = (3,3)⊕ (3,3)⊕ (1,3)⊕2 ⊕ (3,1)⊕ (1,3)⊕2 ⊕ (1,1). (10.10)
10.3 A1 ⊕A2 → E6
A11 ⊕A12 → E6 ∶ χ = (2,3)⊕3 ⊕ (1,3)⊕3 ⊕ (2,3)⊕3 ⊕ (1,1)⊕9 ⊕ (2,1)⊕2 ⊕ (1,3)⊕3, (10.11)
A21 ⊕A12 → E6 ∶ χ = (3,3)⊕ (2,3)⊕2 ⊕ (3,3)⊕ (3,1)⊕ (2,1)⊕4 ⊕ (1,3)⊕2 ⊕ (2,3)⊕2 (10.12)
⊕ (1,3)⊕2 ⊕ (1,1)⊕2,
A41 ⊕A12 → E6 ∶ χ = (3,3)⊕3 ⊕ (3,3)⊕3 ⊕ (5,1)⊕ (1,1)⊕8, (10.13)
A51 ⊕A12 → E6 ∶ χ = (4,3)⊕ (3,3)⊕ (4,3)⊕ (5,1)⊕ (3,1)⊕ (2,1)⊕2 ⊕ (2,3)⊕ (2,3) (10.14)
⊕ (3,3)⊕ (1,1),
A81 ⊕A12 → E6 ∶ χ = (5,3)⊕ (5,3)⊕ (3,3)⊕ (5,1)⊕2 ⊕ (3,1)⊕ (1,3)⊕ (3,3)⊕ (1,3), (10.15)
A11 ⊕A22 → E6 ∶ χ = (2,8)⊕2 ⊕ (1,8)3 ⊕ (1,1)⊕3 ⊕ (2,1)⊕4, (10.16)
A31 ⊕A22 → E6 ∶ χ = (3,8)⊕ (2,8)⊕2 ⊕ (4,1)⊕2 ⊕ (1,1)⊕3, (10.17)
A41 ⊕A22 → E6 ∶ χ = (3,8)⊕2 ⊕ (1,8)⊕ (5,1)⊕ (3,1)2, (10.18)
A281 ⊕A22 → E6 ∶ χ = (7,8)⊕ (11,1), (10.19)
A11 ⊕A22 → E6 ∶ χ = (2,6)⊕ (1,6)⊕ (1,3)⊕ (2,6)⊕ (2,3)⊕ (2,1)⊕2 ⊕ (1,8)⊕ (2,3) (10.20)
⊕ (1,6)⊕ (1,3)⊕ (1,1).
10.4 A1 ⊕A2 → E7
A11 ⊕A12 → E7 ∶ χ = (2,3)⊕4 ⊕ (1,3)⊕7 ⊕ (2,1)⊕8 ⊕ (1,1)⊕16 ⊕ (2,3)⊕4 ⊕ (1,3)⊕7, (10.21)
A21 ⊕A12 → E7 ∶ χ = (3,3)⊕ (3,3)⊕ (1,3)⊕4 ⊕ (3,1)⊕3 ⊕ (2,1)⊕8 ⊕ (1,1)⊕7 (10.22)
⊕ (2,3)⊕4 ⊕ (2,3)⊕4 ⊕ (1,3)⊕4,
A31 ⊕A12 → E7 ∶ χ = (3,3)⊕3 ⊕ (3,3)⊕3 ⊕ (1,3)⊕6 ⊕ (3,1)⊕8 ⊕ (1,1)⊕8 ⊕ (1,3)⊕6, (10.23)
A41 ⊕A12 → E7 ∶ χ = (3,3)⊕4 ⊕ (3,3)⊕4 ⊕ (1,3)⊕3 ⊕ (5,1)⊕ (3,1)⊕6 ⊕ (1,1)⊕9 ⊕ (1,3)⊕3,
(10.24)
A51 ⊕A12 → E7 ∶ χ = (3,3)⊕2 ⊕ (3,3)⊕2 ⊕ (1,3)⊕ (5,1)⊕ (4,1)⊕2 ⊕ (3,1)⊕3 (10.25)
⊕ (1,1)⊕2 ⊕ (2,1)⊕4 ⊕ (4,3)⊕ (2,3)⊕2 ⊕ (4,3)⊕ (2,3)⊕2 ⊕ (1,3),
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A101 ⊕A12 → E7 ∶ χ = (4,3)⊕2 ⊕ (5,3)⊕ (1,3)⊕2 ⊕ (7,1)⊕ (5,1)⊕ (4,1)⊕4 (10.26)
⊕ (1,1)⊕4 ⊕ (4,3)⊕2 ⊕ (5,3)⊕ (1,3)⊕2,
A81 ⊕A12 → E7 ∶ χ = (5,3)⊕ (5,3)⊕ (3,3)⊕3 ⊕ (1,3)⊕ (5,1)⊕4 ⊕ (3,1)⊕3 (10.27)
⊕ (1,1)⊕3 ⊕ (3,3)⊕3 ⊕ (1,3),
A111 ⊕A12 → E7 ∶ χ = (5,3)⊕2 ⊕ (5,3)⊕2 ⊕ (3,3)⊕ (1,3)⊕2 ⊕ (7,1)⊕ (5,1)⊕3 ⊕ (3,1)⊕3 (10.28)
⊕ (1,1)⊕ (3,3)⊕ (1,3)⊕2,
A201 ⊕A12 → E7 ∶ χ = (7,3)⊕ (5,3)⊕ (7,3)⊕ (5,3)⊕ (3,3)⊕ (9,1)⊕ (7,1) (10.29)
⊕ (5,1)⊕3 ⊕ (1,1)⊕ (3,3),
A351 ⊕A12 → E7 ∶ χ = (9,3)⊕ (9,3)⊕ (5,3)⊕ (1,3)⊕ (11,1)⊕ (9,1)⊕ (7,1) (10.30)
⊕ (5,1)⊕ (5,3)⊕ (1,3),
A11 ⊕A22 → E7 ∶ χ = (1,6)⊕ (1,6)⊕ (2,8)⊕2 ⊕ (1,8)3 ⊕ (2,1)⊕4 ⊕ (1,1)⊕4 (10.31)
⊕ (1,3)⊕3 ⊕ (2,3)⊕2 ⊕ (1,3)⊕3 ⊕ (2,3)⊕2,
A31 ⊕A22 → E7 ∶ χ = (1,6)⊕ (1,6)⊕ (2,8)⊕2 ⊕ (4,1)⊕2 ⊕ (3,8), (10.32)
⊕ (1,1)⊕4 ⊕ (3,3)⊕ (2,3)⊕2 ⊕ (3,3)⊕ (2,3)⊕2,
A41 ⊕A22 → E7 ∶ χ = (1,6)⊕ (1,6)⊕ (3,8)⊕2 ⊕ (5,1)⊕ (1,8)⊕ (3,1)⊕2 ⊕ (1,1) (10.33)
⊕ (3,3)⊕2 ⊕ (1,3)⊕ (3,3)⊕2 ⊕ (1,3),
A281 ⊕A22 → E7 ∶ χ = (1,6)⊕ (1,6)⊕ (7,8)⊕ (11,1)⊕ (7,3)⊕ (7,3)⊕ (1,1), (10.34)
A11 ⊕A22 → E7 ∶ χ = (1,6)⊕ (1,8)⊕3 ⊕ (2,6)⊕ (2,3)⊕3 ⊕ (1,1)⊕4 ⊕ (1,6) (10.35)
⊕ (2,6)⊕ (2,3)⊕3 ⊕ (1,3)⊕3 ⊕ (2,1)⊕2 ⊕ (1,3)⊕3,
A31 ⊕A22 → E7 ∶ χ = (1,6)⊕3 ⊕ (3,8)⊕ (3,3)⊕3 ⊕ (1,6)⊕3 ⊕ (3,3)⊕3 ⊕ (1,1)⊕8, (10.36)
A41 ⊕A22 → E7 ∶ χ = (3,6)⊕ (1,8)⊕3 ⊕ (3,6)⊕ (3,3)⊕3 ⊕ (5,1)⊕ (1,1)⊕3 ⊕ (3,3)⊕3, (10.37)
A41 ⊕A22 → E7 ∶ χ = (2,6)⊕ (3,8)⊕ (4,3)⊕ (2,6)⊕ (2,3)⊕ (3,3)⊕ (1,6) (10.38)
⊕ (3,1)⊕ (4,3)⊕ (2,3)⊕ (3,3)⊕ (1,6)⊕ (2,1)⊕2 ⊕ (1,1),
A71 ⊕A22 → E7 ∶ χ = (3,6)⊕ (3,8)⊕ (3,6)⊕ (5,3)⊕ (3,3)⊕ (1,3) (10.39)
⊕ (5,1)⊕ (3,1)⊕ (5,3)⊕ (3,3)⊕ (1,3),
A31 ⊕A32 → E7 ∶ χ = (3,6)⊕ (3,3)⊕ (1,15)⊕ (1,3)⊕ (3,6)⊕ (3,3)⊕ (1,15) (10.40)
⊕ (1,3)⊕ (3,8)⊕ (1,8),
A11 ⊕A52 → E7 ∶ χ = (1,27)⊕ (2,15)⊕ (1,15)⊕ (2,1)⊕2 ⊕ (1,15)⊕ (2,15)⊕ (1,1), (10.41)
A41 ⊕A52 → E7 ∶ χ = (1,27)⊕ (3,15)⊕ (5,1)⊕ (3,15), (10.42)
A11 ⊕A52 → E7 ∶ χ = (2,10)⊕ (2,6)⊕ (1,15)⊕ (1,27)⊕ (1,15)⊕ (2,10) (10.43)
⊕ (2,6)⊕ (1,1),
A11 ⊕A32 → E7 ∶ χ = (1,10)⊕ (2,8)⊕4 ⊕ (1,10)⊕ (1,8)⊕4 ⊕ (1,1)⊕6, (10.44)
A21 ⊕A32 → E7 ∶ χ = (1,10)⊕ (3,8)⊕ (2,8)⊕4 ⊕ (1,10)⊕ (1,8)⊕ (3,1)⊕ (1,1)⊕3, (10.45)
A31 ⊕A32 → E7 ∶ χ = (1,10)⊕ (3,8)⊕3 ⊕ (1,10)⊕ (1,8)⊕3 ⊕ (3,1)⊕2. (10.46)
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su2 ⊕ su3 su5
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Figure 5: The expected gauge group enhancement of SU(2)×SU(3).
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Figure 6: Degeneration of the SU(2)×SU(3) fibers.
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11 A1 ⊕C2: the SU(2)×USp(4)-model
11.1 A1 ⊕C2 →D4
Up to linear equivalence, there are three embeddings of A1 ⊕ C2 in D4. They are connected by
triality and have Dynkin index (2,1) and the same characteristic representation:
A21 ⊕C12 ∶ χ = (3,5). (11.1)
11.2 A1 ⊕C2 →C3
Up to linear equivalence, there is a unique embeddings of A1 ⊕C2 in C3. It has Dynkin index (1,1)
and the characteristic representation is isotropic:
A11 ⊕C12 ∶ χ = (2,4). (11.2)
11.3 A1 ⊕C2 →C4
Up to linear equivalence, there are three embeddings of A1 ⊕C2 in C4:
A11 ⊕C12 ∶ χ = (1,4)⊕2 ⊕ (2,1)⊕2 ⊕ (2,4)⊕ (1,1)⊕3, (11.3)
A21 ⊕C12 ∶ χ = (3,1)⊕2 ⊕ (2,4)⊕2 ⊕ (1,1), (11.4)
A11 ⊕C22 ∶ χ = (7,1)⊕ (4,4). (11.5)
The embedding of Dynkin index (1,1) gives the matter expected in F-theory.
11.4 A1 ⊕C2 →A5
Up to linear equivalence, there is a unique embedding of A1⊕C2 into A5. It has Dynkin index (1,1):
A11 ⊕C12 → A5 ∶ χ = (1,5)⊕ (2,4)⊕2 ⊕ (1,1). (11.6)
11.5 A1 ⊕C2 →D5
Up to linear equivalence, there are three embeddings of A1 ⊕ C2 in D5 that are distinguishable by
their Dynkin index:
A21 ⊕C12 → D5 ∶ χ = (2,4)⊕2 ⊕ (3,5)⊕ (1,1), (11.7)
A11 ⊕C12 → D5 ∶ χ = (2,5)⊕2 ⊕ (2,1)⊕2 ⊕ (1,5)⊕ (1,1)⊕3, (11.8)
A21 ⊕C12 → D5 ∶ χ = (3,5)⊕ (1,5)⊕2 ⊕ (3,1)⊕2 ⊕ (1,1), (11.9)
A101 ⊕C12 → D5 ∶ χ = (5,5)⊕ (7,1). (11.10)
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su2 ⊕ usp4 usp6
+
su2 ⊕ usp4 Incomplete so10
+
2 2
su2 ⊕ usp4 su6
+
su2 ⊕ usp4 Incomplete usp8
+
Figure 7: Degeneration of the SU(2)×USp(4) and SU(2)×USp(4)/Z2 fibers.
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12 A1 ⊕G2: the SU(2)×G2-model
12.1 A1 ⊕G2 →D5
A1⊕G2 is a singleton subalgebra of D5, it has Dynkin index (2,1) and characteristic representation:
A21 ⊕G12 ∶ χ = (3,7)⊕ (1,7). (12.1)
This is a particularly interesting example, since there is no embedding of A1⊕G2 → D5 with Dynkin
index (1,1). This is consistent with the fact that in F-theory there is no enhancement of types
I2 + I∗0 → I∗1 , III + I
∗
1 → I∗1 , or IV ns + I∗0 → I
∗
1 . This is because if such an enhancement exist, the
discriminant must vanish at least at orders 2, 6, 7, respectively for A1, G2, and D5, but this is not
plausible as 7 < 2 + 6.
12.2 A1 ⊕G2 → B5
There are two subalgebras of type A1 ⊕ G2 in B5: one has Dynkin index (1,1) and the other has
Dynkin index (2,1). Their characteristic representations are:
A11 ⊕G12 → B5 ∶ χ = (2,7)⊕2 ⊕ (1,7)⊕ (1,1)⊕3, (12.2)
A21 ⊕G12 → B5 ∶ χ = (3,7)⊕ (1,7)⊕2 ⊕ (3,1). (12.3)
12.3 A1 ⊕G2 →D6
The enhancement that happens in F-theory is A1 ⊕G2 → D6, for example with I2+I∗ns0 . There are
three subalgebras of type A1 ⊕G2 and one of them has Dynkin index (1,1):
A11 ⊕G12 → D6 ∶ χ = (2,7)⊕2 ⊕ (1,7)⊕2 ⊕ (2,1)⊕2 ⊕ (1,1)⊕3, (12.4)
A21 ⊕G12 → D6 ∶ χ = (3,7)⊕ (1,7)⊕3 ⊕ (3,1)⊕2 ⊕ (1,1), (12.5)
A101 ⊕G12 → D6 ∶ χ = (5,7)⊕ (7,1)⊕ (1,7). (12.6)
12.4 A1 ⊕G2 → E7
There are eight embeddings of A1 ⊕ G2 inside E7 up to linear equivalence and they each have a
distinct Dynkin index
A11 ⊕G12 → E7 ∶ χ = (2,7)⊕4 ⊕ (1,7)⊕6 ⊕ (2,1)⊕4 ⊕ (1,1)⊕10, (12.7)
A21 ⊕G12 → E7 ∶ χ = (3,7)⊕ (2,7)⊕4 ⊕ (1,7)⊕3 ⊕ (3,1)⊕2 ⊕ (2,1)⊕4 ⊕ (1,1)⊕4, (12.8)
A31 ⊕G12 → E7 ∶ χ = (3,7)⊕3 ⊕ (1,7)⊕5 ⊕ (3,1)⊕5 ⊕ (1,1)⊕3, (12.9)
A81 ⊕G12 → E7 ∶ χ = (5,7)⊕ (3,7)⊕3 ⊕ (5,1)⊕3 ⊕ (1,1)⊕3, (12.10)
A101 ⊕G12 → E7 ∶ χ = (4,7)⊕2 ⊕ (5,7)⊕ (1,7)⊕ (7,1)⊕ (4,1)⊕2 ⊕ (1,1)⊕3, (12.11)
A111 ⊕G12 → E7 ∶ χ = (5,7)⊕2 ⊕ (3,7)⊕ (1,7)⊕ (7,1)⊕ (5,1)⊕ (3,1)⊕2, (12.12)
A351 ⊕G12 → E7 ∶ χ = (9,7)⊕ (5,7)⊕ (11,1)⊕ (7,1), (12.13)
A71 ⊕G22 → E7 ∶ χ = (3,27)⊕ (5,7). (12.14)
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The first one with Dynkin index (1,1) corresponds to the matter content observed at the collision of
the two divisors of an SU(2)×G2-model realize by the collision III+I∗ns0 . The last one with Dynkin
index (7,1) is the only one that is a maximal embedding.
12.5 A1 ⊕G2 → E8
Up to linear equivalence, there are twenty different embeddings of A1 ⊕G2 in E8 and they all have
a different Dynkin embedding index. The unique one with Dynkin embedding index (1,1) has the
reduced matter representation that we see in F-theory, namely the fundamental representations
(2,1), (1,7), and the bifundamental representation (2,7). The branching of the adjoint of E8 along
representations of A1 ⊕G2 is
[248] = [(3,1)⊕ (1,14)]⊕ χ,
where χ is as follows for each of the twenty possible embeddings:
A11 ⊕G12 ∶ χ = (2,1)⊕14 ⊕ (1,7)⊕14 ⊕ (2,7)⊕6 ⊕ (1,1)⊕21 (12.15)
A21 ⊕G12 ∶ χ = (3,7)⊕ (1,7)⊕7 ⊕ (2,7)⊕8 ⊕ (2,1)⊕8 ⊕ (3,1)⊕6 ⊕ (1,1)⊕15 (12.16)
A31 ⊕G12 ∶ χ = (3,7)⊕3 ⊕ (1,7)⊕5 ⊕ (3,1)⊕5 ⊕ (1,1)⊕6 ⊕ (2,7)⊕6 ⊕ (4,1)⊕2 ⊕ (2,1)⊕10 (12.17)
A41 ⊕G12 ∶ χ = (3,7)⊕6 ⊕ (1,7)⊕8 ⊕ (5,1)⊕ (3,1)⊕12 ⊕ (1,1)⊕8 (12.18)
A61 ⊕G12 ∶ χ = (4,7)⊕2 ⊕ (2,7)⊕4 ⊕ (5,1)⊕3 ⊕ (3,7)⊕3 ⊕ (1,7)⊕ (3,1)⊕5
⊕ (1,1)⊕3 ⊕ (4,1)⊕2 ⊕ (2,1)⊕4 (12.19)
A101 ⊕G12 ∶ χ = (5,7)⊕ (4,7)⊕4 ⊕ (7,1)⊕ (5,1)⊕4 ⊕ (1,7)⊕5 ⊕ (1,1)⊕6 ⊕ (4,1)⊕4 (12.20)
A81 ⊕G12 ∶ χ = (5,7)⊕ (3,7)⊕7 ⊕ (5,1)⊕7 ⊕ (1,1)⊕14 (12.21)
A91 ⊕G12 ∶ χ = (4,7)⊕2 ⊕ (5,7)⊕ (3,7)⊕3 ⊕ (5,1)⊕3 ⊕ (6,1)⊕2
⊕ (4,1)⊕2 ⊕ (2,7)⊕2 ⊕ (2,1)⊕4 ⊕ (3,1)⊕ (1,1)⊕3 (12.22)
A111 ⊕G12 ∶ χ = (5,7)⊕2 ⊕ (3,7)⊕ (4,7)⊕2 ⊕ (2,7)⊕2 ⊕ (6,1)⊕2 ⊕ (1,7)
⊕ (7,1)⊕ (5,1)⊕ (3,1)⊕2 ⊕ (1,1)⊕3 ⊕ (4,1)⊕4 (12.23)
A121 ⊕G12 ∶ χ = (5,7)⊕3 ⊕ (3,7)⊕3 ⊕ (1,7)⊕2 ⊕ (7,1)⊕2 ⊕ (5,1)⊕4 ⊕ (3,1)⊕5 (12.24)
A281 ⊕G12 ∶ χ = (7,7)⊕3 ⊕⊕(11,1)⊕ (7,1)⊕5 ⊕ (1,7)⊕5 ⊕ (1,1)⊕3 (12.25)
A351 ⊕G12 ∶ χ = (9,7)⊕ (5,7)⊕ (11,1)
⊕ (7,1)⊕ (10,1)⊕2 ⊕ (6,7)⊕2 ⊕ (4,1)⊕2 ⊕ (1,1)⊕3 (12.26)
A361 ⊕G12 ∶ χ = (9,7)⊕ (7,7)⊕ (5,7)⊕2 ⊕ (11,1)⊕2 ⊕ (9,1)⊕ (7,1)⊕ (5,1)⊕ (3,1)⊕2 (12.27)
A601 ⊕G12 ∶ χ = (11,7)⊕ (9,7)⊕ (15,1)⊕ (11,1)⊕2 ⊕ (7,1)⊕ (5,7)⊕ (5,1)⊕ (1,7) (12.28)
A1561 ⊕G12 ∶ χ = (17,7)⊕ (9,7)⊕ (23,1)⊕ (15,1)⊕ (11,1), (12.29)
A11 ⊕G22 ∶ χ = (1,27)⊕3 ⊕ (2,14)⊕2 ⊕ (2,7)⊕4 ⊕ (1,7)⊕5 ⊕ (1,1)⊕3 (12.30)
A71 ⊕G22 ∶ χ = (3,27)⊕ (5,7)⊕ (4,7)⊕2 ⊕ (2,14)⊕2 ⊕ (1,1)⊕3 (12.31)
A81 ⊕G22 ∶ χ = (3,27)⊕ (5,7)⊕2 ⊕ (3,14)⊕ (3,7)⊕ (1,14)⊕ (3,1) (12.32)
A11 ⊕G32 ∶ χ = (1,64)⊕ (1,27)⊕2 ⊕ (2,27)⊕2 ⊕ (2,1)⊕2 ⊕ (1,1) (12.33)











































Figure 9: Degeneration of the SU(2)×G2 fibers at the collision III+Ins0 .
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13 A1 ⊕B3: the SU(2)×Spin(7)-model
13.1 A1 ⊕B3 → E7
There are seven subalgebras of type A1 ⊕ B3 in E7 including two with Dynking embedding index
one. The characteristic representations for the two subalgebras of Dynkin embedding index one are:
A11 ⊕B13 → E7 ∶ χ = (2,8)⊕4 ⊕ (1,7)⊕5 ⊕ (1,1)⊕10, (13.1)
A11 ⊕B13 → E7 ∶ χ = (2,8)⊕2 ⊕ (2,7)⊕2 ⊕ (1,7)⊕ (1,1)⊕6 ⊕ (1,8)⊕4 ⊕ (2,1)⊕2. (13.2)
We can understand the difference between these two subalgebras by the fact that they correspond to
distinct groups sharing the same Lie algebra. The characteristic representations for the subalgebras
of higher Dynkin embedding index are:
A21 ⊕B13 → E7 ∶ χ = (3,8)⊕ (2,7)⊕2 ⊕ (2,8)⊕2 ⊕ (1,8)⊕ (1,7)⊕ (3,1)⊕ (2,1)⊕2 ⊕ (1,1)⊕3,
A21 ⊕B13 → E7 ∶ χ = (2,8)⊕4 ⊕ (3,7)⊕ (1,7)⊕2 ⊕ (3,1)⊕2 ⊕ (1,1)⊕4,
A31 ⊕B13 → E7 ∶ χ = (3,8)⊕2 ⊕ (3,7)⊕ (1,8)⊕2 ⊕ (1,7)⊕2 ⊕ (3,1)⊕3 ⊕ (1,1), (13.3)
A101 ⊕B13 → E7 ∶ χ = (4,8)⊕2 ⊕ (5,7)⊕ (7,1)⊕ (1,1)⊕3,
A111 ⊕B13 → E7 ∶ χ = (5,8)⊕ (3,8)⊕ (5,7)⊕ (3,1).
13.2 A1 ⊕B3 → E8
A11 ⊕B13 ∶ χ = (2,7)⊕2 ⊕ (1,7)⊕5 ⊕ (2,1)⊕10 ⊕ (1,1)⊕13 ⊕ (1,8)⊕8 ⊕ (2,8)⊕4, (13.4)
A21 ⊕B13 ∶ χ = (2,7)⊕4 ⊕ (3,1)⊕5 ⊕ (1,7)⊕ (1,1)⊕10 ⊕ (2,1)⊕4 ⊕ (2,8)⊕4 ⊕ (3,8)⊕ (1,8)⊕5,
(13.5)
A21 ⊕B13 ∶ χ = (3,7)⊕ (1,7)⊕6 ⊕ (3,1)⊕6 ⊕ (1,1)⊕15 ⊕ (2,8)⊕8, (13.6)
A31 ⊕B13 ∶ χ = ⊕(3,7)⊕ (4,1)⊕2 ⊕ (2,7)⊕2 ⊕ (2,1)⊕6 ⊕ (3,1)⊕3 ⊕ (1,7)⊕2 ⊕ (1,1)⊕4
⊕ (2,8)⊕4 ⊕ (3,8)⊕2 ⊕ (1,8)⊕2, (13.7)
A41 ⊕B13 ∶ χ = (3,7)⊕2 ⊕ (5,1)⊕ (1,7)⊕3 ⊕ (3,1)⊕8 ⊕ (1,1)⊕4 ⊕ (3,8)⊕4 ⊕ (1,8)⊕4, (13.8)
A61 ⊕B13 ∶ χ = (3,7)⊕3 ⊕ (5,1)⊕3 ⊕ (3,1)⊕5 ⊕ (1,1)⊕3 ⊕ (4,8)⊕2 ⊕ (2,8)⊕4⊕ (13.9)
A101 ⊕B13 ∶ χ = (5,7)⊕ (7,1)⊕ (1,7)⊕4 ⊕ (5,1)⊕4 ⊕ (1,1)⊕6 ⊕ (4,8)⊕4, (13.10)
A101 ⊕B13 ∶ χ = (4,7)⊕2 ⊕ (7,1)⊕ (5,1)⊕3 ⊕ (1,7)⊕ (1,1)⊕3 ⊕ (4,1)⊕2 ⊕ (4,8)⊕2
⊕ (5,8)⊕ (1,8)⊕3, (13.11)
A111 ⊕B13 ∶ χ = (5,7)⊕ (6,1)⊕2 ⊕ (7,1)⊕ (3,1)⊕ (4,1)⊕2 ⊕ (2,7)⊕2 ⊕ (1,1)⊕3 ⊕ (4,8)⊕2
⊕ (5,8)⊕ (3,8), (13.12)
A121 ⊕B13 ∶ χ = (5,7)⊕ (7,1)⊕2 ⊕ (3,7)⊕ (5,1)⊕2 ⊕ (3,1)⊕3 ⊕ (1,7)⊕ (5,8)⊕2 ⊕ (3,8)⊕2,
(13.13)
A281 ⊕B13 ∶ χ = (7,7)⊕ (11,1)⊕ (7,1)⊕3 ⊕ (1,7)⊕2 ⊕ (1,1)⊕ (7,8)⊕2 ⊕ (1,8)⊕2, (13.14)
A601 ⊕B13 ∶ χ = (9,7)⊕ (15,1)⊕ (11,1)⊕ (7,1)⊕ (11,8)⊕ (5,8), (13.15)
A11 ⊕B23 ∶ χ = (1,35)⊕2 ⊕ (1,27)⊕ (1,7)⊕2 ⊕ (1,1)⊕ (2,21)⊕2 ⊕ (2,7)⊕2. (13.16)
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14 A1 ⊕D4: the SU(2)×Spin(8)-model
14.1 A1 ⊕D4 → E7
Up to linear equivalence, there are three subalgebras of type A1 ⊕ D4 in E7 with only one having
Dynkin index (1,1). As expected from our proposal, A11 ⊕D14 → B6 produces the matter we expect
to see in F-theory.
A11 ⊕D14 → B6 ∶ χ = (2,8c)⊕2 ⊕ (2,8v)⊕2 ⊕ (1,8s)⊕4 ⊕ (1,8v)⊕ (1,1)⊕6, (14.1)
A21 ⊕D14 → B6 ∶ χ = (2,8c)⊕2 ⊕ (2,8s)⊕2 ⊕ (3,1)⊕ (3,8v)⊕ (1,8v)⊕ (1,1)⊕3, (14.2)
A31 ⊕D14 → B6 ∶ χ = (2,1)⊕2 ⊕ (3,8v)⊕ (3,8c)⊕ (3,8s)⊕ (1,8c)⊕ (1,8s). (14.3)
14.2 A1 ⊕D4 → E8
There are 13 distinct subalgebras of type A1 ⊕B3 in E7 up to linear equivalence. Only one of them
has Dynkin index one along all A1 and B3.
A11 ⊕D14 → E8 ∶ χ = (2,8s)⊕2 ⊕ (1,8s)⊕4 ⊕ (2,1)⊕8 ⊕ (1,1)⊕9 ⊕ (2,8v)⊕2 ⊕ (1,8v)⊕4
⊕ (2,8c)⊕2 ⊕ (1,8c)⊕4, (14.4)
A21 ⊕D14 → E8 ∶ χ = (2,8s)⊕4 ⊕ (3,1)⊕5 ⊕ (1,1)⊕10 ⊕ (2,8v)⊕4 ⊕ (3,8c)⊕ (1,8c)⊕5, (14.5)
A31 ⊕D14 → E8 ∶ χ = (3,8s)⊕ (4,1)⊕2 ⊕ (2,8s)⊕2 ⊕ (2,1)⊕4 ⊕ (3,1)⊕2 ⊕ (1,8s)⊕ (1,1)⊕3
⊕ (2,8v)⊕2 ⊕ (3,8v)⊕ (1,8v)⊕ (2,8c)⊕2 ⊕ (3,8c)⊕ (1,8c), (14.6)
A41 ⊕D14 → E8 ∶ χ = (3,8s)⊕2 ⊕ (5,1)⊕ (1,8s)⊕2 ⊕ (3,1)⊕6 ⊕ (1,1)⊕2 ⊕ (3,8v)⊕2
⊕ (1,8v)⊕2 ⊕ (3,8c)⊕2 ⊕ (1,8c)⊕2, (14.7)
A101 ⊕D14 → E8 ∶ χ = (5,8s)⊕ (7,1)⊕ (1,8s)⊕3 ⊕ (5,1)⊕3 ⊕ (1,1)⊕3 ⊕ (4,8v)⊕2 ⊕ (4,8c)⊕2,
(14.8)
A121 ⊕D14 → E8 ∶ χ = (5,8s)⊕ (7,1)⊕2 ⊕ (3,8s)⊕ (5,1)⊕ (3,1)⊕2 ⊕ (5,8v)⊕ (3,8v)
⊕ (5,8c)⊕ (3,8c), (14.9)
A281 ⊕D14 → E8 ∶ χ = (7,8s)⊕ (10,1)⊕ (7,1)⊕2 ⊕ (1,8s)⊕ (7,8v)⊕ (1,8v)⊕ (7,8c)⊕ (1,8c),
(14.10)
A21 ⊕D14 → E8 ∶ χ = (1,35v)⊕ (1,35c)⊕ (1,35s)⊕ (2,28)⊕2. (14.11)
15 The art of channeling
In this paper, we have used the geography of subalgebras of a given simple Lie algbra [11, 13, 15].
This is a luxury we have only for simple Lie algebras up to rank eight thanks to the classification
of de Graaf [11]. In more general cases, all we can do is compute characteristic representations
and then Dynkin indices by considering all the ways a given subalgebra can be embedded into
another by a sequence of successive maximal Lie subalgebras. We call such a sequence a channel
of embeddings. A channel is comparable to an itinerary as different channels can lead to the same
subalgebra. But unlike the approach of Dynkin and de Graaf [11, 13, 15], channels do not track
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linear equivalence. But channels do not keep track of linear equivalence. However, if two channels
give distinct characteristic representations or Dynkin index, they are clearly not linearly equivalent.
A1 →G2
In this section, we consider the enhancement A1 → G2, which is motivated by the geometry of the
SU(2)-model with Kodaira fibers of type IVns, which is one of the enhancements considered in [20]
and portrayed in Figure 10.
A1 G2
1 2
Figure 10: The gauge enhancement A1 → G2 from IVns → I∗ns0 .
As expected, there are several non-linearly equivalent subalgebras of type A1 in G2. There are
six distinct channels to embed A1 in G2 by a chain of maximal embeddings and they result in four
distinct branching rules as summarized in Table 12. All the embeddings of A1 factor through one




14 = 3⊕ 3⊕ 8, (15.1)
G2 A11 ⊕A31
(R)
14 = (3,1)⊕ (2,4)⊕ (1,3), (15.2)
G2 A281
(S)
14 = 11⊕ 3. (15.3)
The maximal embedding A2 → G2 leads to two distinct channels, each corresponding to an embed-











The branching rules corresponding to the first and second channel provide two different decomposi-
tions of the adjoint of G2 via A2. The decompostion via the first channel (equation (15.4)) is given
by
14 = 3⊕ 3⊕ 8 along A12,
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= (2)(1)⊕ (1)(−2)⊕ (2)(−1)⊕ (1)(2)⊕ (3)(0)⊕ (2)(3)⊕ (2)(−3)⊕ (1)(0) along A11 ⊕U1
= 3⊕ 2⊕4 ⊕ 1⊕3 along A11,
where the superindex ` = 1 denotes its Dynkin index, whereas the decomposition via the second
channel (equation (15.5)) is
14 = 3⊕ 3⊕ 8 along A12, (15.6)
= 3⊕3 ⊕ 5 along A41. (15.7)
The third, fourth, and fifth channels utilizes the chain of maximal subalgebras via two copies of A1
G2 A1 ⊕ Ã1 A1, Ã1, or (A1 ⊕ Ã1)diag
(R) (S)
, (15.8)
where the three difference choices of A1 yield different chains of maximal subalgebras.5 First of all,
these two copies of A1 are non-isomorphic and they yield different decompositions of the adjoint
representation of G2. By choosing the A1, the decomposition is given by
14 = 3⊕ 2⊕4 ⊕ 1⊕3 along A11, (15.9)
which is identical to the decomposition observed from the first channel, whereas by picking the A1
on the right, we get the following decomposition
14 = 3⊕ 4⊕2 ⊕ 1⊕3 along Ã31. (15.10)
Now choose the diagonal comonent residing as (A1 ⊕ Ã1)diag. The decomposition of this channel
yields
14 = (3,1)⊕ (2,4)⊕ (1,3) along A11 ⊕ Ã
3
1,
= 3⊕3 ⊕ 5 along (A1 × Ã1)4diag,
which matches with the result from the second channel in equation (15.7).
All six channels result in four different decompositions of the adjoint of G2. Only a single
branching rule provides a Dynkin index one and yields the expected matter representation from
F-theory models.
A1 ⊕A1: SO(4) and Spin(4) matter contents
We use chains of maximal subalgebras containing A1 ⊕A1 to illustrate an alternative way to obtain
the matter content of SO(4) and Spin(4)-models studied in [29]. This matches with the matter
content found by using the method of geography of subalgebras in Section 9.
The SO(4) and Spin(4)-models share the same semisimple gauge algebra A1⊕A1, which requires
a collision of singularities to study its geometry using the Kodaira fibers of type Ins2 , I
s
2, and III. The
5For the A1 → G2 embedding, we find them to carry indices as A11, A31, and A41 respectively.
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m Chains of maximal subalgebras containing g = A1 Branching Rule Index
G2
G2 A2 A1 ⊕U1 A1
(R) (R)
G2 A1 ⊕ Ã1 A1
(R) (S)
14 = 3⊕ 2⊕4 ⊕ 1⊕3 1
G2 A2 A1
(R) (S)
G2 A1 ⊕ Ã1 (A1 ⊕ Ã1)diag
(R) (S) 14 = 3
⊕3 ⊕ 5 4
G2 A1 ⊕ Ã1 Ã1
(R) (S)
14 = 3⊕ 4⊕2 ⊕ 1⊕3 3
G2 A1
(S)
14 = 3⊕ 11 28
Table 12: All six chains of maximal subalgebras yielding g = A1 from its possible gauge enhancement
G2. We find four distinct branching rules and only a single branching rule corresponds to index 1.
geometric model of these two models are studied in [29] where SO(4)-model has the Mordell–Weil
group to be Z2 whereas the Spin(4)-model has a trivial Mordell-Weil group. The geometrically
allowed enhancements of these models are derived in [29] to be
C2, A3, incomplete B3, incomplete B4,
as depicted in Figure 4. The enhanced algebras are depending on the choices of the Kodaira fibers
for the two copies of A1. When we model with the collision of two fibers of type Ins2 , we get the
gauge enhancement C2. When we have a collision of a fiber Ins2 and I
s
2 or a collision of two fibers of
type Is2, the enhanced gauge algebra is given by A3. When we utilize the collision of a fiber of type
III and a fiber of either type Ins2 or I
s
2, the enhanced fiber is an incomplete fiber of Kodaira type I
∗
0 .
Similarly, when there is a collision of two fibers of type III, the enhanced fiber is an incomplete fiber
of type I∗0 . The Kodaira fiber of type I
∗
0 can be G2, B3, or D4. However, we can easily conclude
that this cannot be a gauge algebra G2. However, for completeness, we investigate all possible the
branching rules of A1 ⊕A1 to G2, B3, and D4. Lastly, we can get an enhancement to an incomplete
B4 when we consider a collision of a fiber of type IVns and a fiber of type Ins2 . Other than the last
case which yield many possible branchings, we consider all the rest scenarios in Table 13.
For the three geometrically allowed enhancements considered,
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
A11 ⊕A11 → C2, A11 ⊕A31 → G2,
A11 ⊕A11 → A3, A21 ⊕A21 → A3,
A11 ⊕A11 → B3, A21 ⊕A21 → B3, A11 ⊕A21 → B3, A11 ⊕A31 → B3,
there are only non-maximal embeddings of A1+A1, each yielding one, two, and four distinct branch-
ing rules, respectively, which are listed in Table 13. We also compute the Dynkin index of each
branching rules.
We note that the unique embedding of A1 ⊕A1 in G2 has Dynkin index (1,3), whereas all the
other enhancements of A1⊕A1 considered include at least one branching rule of Dynkin index (1,1).
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The lack of the existence of a branching rule having Dynkin index one for G2 is expected from the
perspective of the geometry: G2 is related to the fiber of type I∗0 , which never appears geometrically
at the collision of two fibers with dual graphs A1. This hints that the proposed selection rule 1.1
may be used in reverse to rule out the geometrically impossible gauge enhancements or incorrect
branching rules for the matter representations when they are not unique.
m Chains of maximal subalgebras containing g = A1 ⊕A1 Index
G2 14 = (3,1)⊕ (1,3)⊕ (2,4) (1,3)
G2 A1 ⊕A1
(R)
C2 10 = (3,1)⊕ (1,3)⊕ (2,2) (1,1)
C2 A1 ⊕A1
(R)
A3 (1) 15 = (3,1)⊕ (1,3)⊕ (2,2)⊕2 ⊕ (1,1) (1,1)
A3 A1 ⊕A1 ⊕U1 A1 ⊕A1
(R)
A3 C2 A1 ⊕A1
(S) (R)
(2) 15 = (3,1)⊕ (1,3)⊕ (3,3) (2,2)
A3 A1 ⊕A1
(S)
B3 (1) 21 = (3,1)⊕ (1,3)⊕ (2,2)⊕3 ⊕ (1,1)⊕3 (1,1)
B3 A3 A1 ⊕A1 ⊕U1 A1 ⊕A1
(R) (R)
B3 A3 C2 A1 ⊕A1
(R) (S) (R)
B3 A1 ⊕A1 ⊕ Ã1 A1 ⊕A1
(R)
B3 C2 ⊕U1 A1 ⊕A1 ⊕U1 A1 ⊕A1
(R) (R)
(2) 21 = (3,1)⊕2 ⊕ (1,3)⊕2 ⊕ (3,3) (2,2)
B3 A3 A1 ⊕ Ã1
(R) (S)
(3) 21 = (3,1)⊕ (1,3)⊕ (2,3)⊕2 ⊕ (1,1)⊕3 (1,2)
B3 A1 ⊕A1 ⊕ Ã1 A1 ⊕A1
(R)
(4) 21 = (3,1)⊕ (1,3)⊕2 ⊕ (2,2)⊕ (2,4) (1,3)
B3 G2 A1 ⊕A1
(S) (R)
D4 (1) 28 = (3,1)⊕ (1,3)⊕ (2,2)⊕4 ⊕ (1,1)⊕6 (1,1)
D4 A1 ⊕A1 ⊕A1 ⊕A1 A1 ⊕A1
(R)
Table 13: The adjoint branching rule for the subalgebras A1 ⊕A1 in G2, C2 ,A3, B3, and D4.
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m Chains of maximal subalgebras containing g = A1 ⊕A1 Index
D4 A3 ⊕U1 A1 ⊕A1 ⊕U1 ⊕U1 A1 ⊕A1
(R) (R)
D4 A3 ⊕U1 C2 ⊕U1 A1 ⊕A1 ⊕U1 A1 ⊕A1
(R) (S) (R)
D4 B3 A3 A1 ⊕A1 ⊕U1 A1 ⊕A1
(S) (R) (R)
D4 B3 A3 C2 A1 ⊕A1
(S) (R) (S) (R)
D4 B3 A1 ⊕A1 ⊕ Ã1 A1 ⊕A1
(S) (R)
D4 B3 C2 ⊕U1 A1 ⊕A1 ⊕U1 A1 ⊕A1
(S) (R) (R)
D4 B3 A1 ⊕A1 ⊕ Ã1 A1 ⊕A1
(S) (R)
D4 A1 ⊕C2 Ã1 ⊕A1 ⊕A1 Ã1 ⊕A1
(S) (R)
(2) 28 = (3,1)⊕3 ⊕ (1,3)⊕3 ⊕ (3,3)⊕ (1,1) (2,2)
D4 A3 ⊕U1 A1 ⊕A1 ⊕U1 A1 ⊕A1
(R) (S)
D4 B3 A3 A1 ⊕ Ã1
(S) (R) (S)
D4 A1 ⊕C2 A1 ⊕A1 ⊕U1 A1 ⊕A1
(S) (R)
(3) 28 = (3,1)⊕ (1,3)⊕2 ⊕ (2,3)⊕2 ⊕ (2,1)⊕2 ⊕ (1,1)⊕3 (1,2)
D4 B3 A1 ⊕A1 ⊕ Ã1 A1 ⊕ Ã1
(S) (R)
D4 A1 ⊕C2 Ã1 ⊕A1 ⊕A1 A1 ⊕A1
(S) (R)
(4) 28 = (3,1)⊕ (1,3)⊕3 ⊕ (2,2)⊕2 ⊕ (2,4) (1,3)
D4 B3 G2 A1 ⊕A1
(S) (S) (R)
(5) 28 = (3,1)⊕ (1,3)⊕ (3,5)⊕ (1,7) (2,10)
D4 A1 ⊕C2 A1 ⊕A1
(S) (S)
Table 13 (continued): The adjoint branching rule for the subalgebras A1 ⊕ A1 → G2, C2 ,A3, B3,
and D4.
g Branching Rules Choice of A1 Index
G2 G2 A1 ⊕ Ã1 A1
(R)
(1) 14 = 3⊕ 2⊕4 ⊕ 1⊕3 A1 1
Table 14: The adjoint branching rule for the subalgebras A1 in G2, C2 ,A3, B3, and D4.
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g Branching Rules Choice of A1 Index
(2) 14 = 3⊕ 4⊕2 ⊕ 1⊕3 Ã1 3
(3) 14 = 3⊕3 ⊕ 5 A1,diag 4
C2 C2 A1 ⊕ Ã1 A1
(R)
(1) 10 = 3⊕ 2⊕2 ⊕ 1⊕3 A1, Ã1 1
(2) 10 = 3⊕3 ⊕ 1 A1,diag 2
A3 A3 A1 ⊕A1 ⊕U1 A1 ⊕ Ã1 A1
(R)
A3 C2 A1 ⊕ Ã1 A1
(S) (R)
(1) 15 = 3⊕ 1⊕4 ⊕ 2⊕4 A1, Ã1 1
(2) 15 = 3⊕4 ⊕ 1⊕3 A1,diag 2
A3 A1 ⊕ Ã1 A1
(S)
(2) 15 = 3⊕4 ⊕ 1⊕3 A1, Ã1 2
(3) 15 = 3⊕3 ⊕ 5⊕ 1 A1,diag 4
B3 B3 A3 A1 ⊕A1 ⊕U1 A1 ⊕ Ã1 A1
(R) (R)
B3 A3 C2 A1 ⊕ Ã1 A1
(R) (S) (R)
B3 A1 ⊕A1 ⊕ Ã1 A1 ⊕ Ã1 A1
(R)
B3 C2 ⊕U1 A1 ⊕A1 ⊕U1 A1 ⊕ Ã1 A1
(R) (R)
(1) 21 = 3⊕ 2⊕6 ⊕ 1⊕6 A1, Ã1 1
(2) 21 = 3⊕5 ⊕ 1⊕6 A1,diag 2
B3 A3 A1 ⊕ Ã1
(R) (S)
(2) 21 = 3⊕5 ⊕ 1⊕6 A1, Ã1 2
(4) 21 = 3⊕5 ⊕ 5⊕ 1 A1,diag 4
B3 B3 A1 ⊕A1 ⊕ Ã1 A1 ⊕ Ã1 A1
(R)
(1) 21 = 3⊕ 2⊕6 ⊕ 1⊕6 A1 1
(2) 21 = 3⊕5 ⊕ 1⊕6 Ã1 2
(3) 21 = 3⊕2 ⊕ 4⊕2 ⊕ 2⊕2 ⊕ 1⊕3 A1,diag 3
Table 14 (continued): The adjoint branching rule for the subalgebras A1 in G2, C2 ,A3, B3, and D4.
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g Branching Rules Choice of A1 Index
B3 G2 A1 ⊕ Ã1 A1
(S) (R)
(1) 21 = 3⊕ 2⊕6 ⊕ 1⊕6 A1 1
(3) 21 = 3⊕2 ⊕ 4⊕2 ⊕ 2⊕2 ⊕ 1⊕3 Ã1 3
(4) 21 = 3⊕5 ⊕ 5⊕ 1 A1,diag 4
D4 D4 A1 ⊕A1 ⊕A1 ⊕A1 A1 ⊕ Ã1 A1
(R)
D4 A3 ⊕U1 A1 ⊕A1 ⊕U1 ⊕U1 A1 ⊕ Ã1 A1
(R) (R)
D4 A3 ⊕U1 C2 ⊕U1 A1 ⊕A1 ⊕U1 A1 ⊕ Ã1 A1
(R) (S) (R)
D4 B3 A3 A1 ⊕A1 ⊕U1 A1 ⊕ Ã1 A1
(S) (R) (R)
D4 B3 A3 C2 A1 ⊕ Ã1 A1
(S) (R) (S) (R)
D4 B3 A1 ⊕A1 ⊕A′1 A1 ⊕ Ã1 A1
(S) (R)
D4 B3 C2 ⊕U1 A1 ⊕A1 ⊕U1 A1 ⊕ Ã1 A1
(S) (R) (R)
D4 A1 ⊕C2 A′1 ⊕A1 ⊕A1 A′1 ⊕ Ã1 A1
(S) (R)
(1) 28 = 3⊕ 1⊕9 ⊕ 2⊕8 A1, Ã1 1
(2) 28 = 3⊕6 ⊕ 1⊕10 A1,diag 2
D4 A3 ⊕U1 A1 ⊕A1 ⊕U1 A1 ⊕ Ã1 A1
(R) (S)
D4 B3 A3 A1 ⊕ Ã1 A1
(S) (R) (S)
D4 A1 ⊕C2 A1 ⊕A1 ⊕U1 A1 ⊕ Ã1 A1
(S) (R)
(2) 28 = 3⊕6 ⊕ 1⊕10 A1, Ã1 2
(4) 28 = 3⊕7 ⊕ 5⊕ 1⊕2 A1,diag 4
D4 D4 B3 A1 ⊕A1 ⊕A′1 A1 ⊕A′1
(S) (R)
D4 A1 ⊕C2 A′1 ⊕A1 ⊕A1 A1 ⊕A1
(S) (R)
(1) 28 = 3⊕ 1⊕9 ⊕ 2⊕8 A1 1
(2) 28 = 3⊕6 ⊕ 1⊕10 Ã1 2
(3) 28 = 3⊕3 ⊕ 4⊕2 ⊕ 2⊕4 ⊕ 1⊕3 A1,diag 3
D4 B3 G2 A1 ⊕A1
(S) (S) (R)
Table 14 (continued): The adjoint branching rule for the subalgebras A1 in G2, C2 ,A3, B3, and D4.
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g Branching Rules Choice of A1 Index
(1) 28 = 3⊕ 1⊕9 ⊕ 2⊕8 A1 1
(3) 28 = 3⊕3 ⊕ 2⊕4 ⊕ 4⊕2 ⊕ 1⊕3 Ã1 3
(4) 28 = 3⊕7 ⊕ 5⊕ 1⊕2 A1,diag 4
D4 A1 ⊕C2 A1 ⊕A1
(S) (S)
(2) 28 = 3⊕6 ⊕ 1⊕10 A1 2
(5) 28 = 3⊕ 5⊕3 ⊕ 7⊕ 1⊕3 Ã1 10
(6) 28 = 3⊕3 ⊕ 5⊕ 7⊕2 A1,diag 12
Table 14 (continued): The adjoint branching rule for the subalgebras A1 in G2, C2 ,A3, B3, and D4.
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